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Abstract

Fractional calculus, the study of of integration and differentiation of fractional order,
has recently been extended to include its discrete analogues of fractional difference
calculus and fractional quantum calculus. Due to this, there was a question whether
there exist a single theory pertaining the above theory. Answer to this task was
proposed by great scientist Stephen Hilger (1988), P. A. Williams and Bastos (2012),
Jiang Zhu et al. (2013). This field is diverse, having a lot of applications in different
fields of sciences such as: differential equations, probability theory, Mathematical
and Economical models, optimization theory, signal processing, chaotic dynamics,
atomic Bose-Einstein condensation, theory of inequalities etc.

Inequalities play a significant role in many branches of Sciences as well as to dis-
cuss the abstract analysis of the solutions of differential, difference equations and
Cauchy type problems. Among others inequalities, Gronwall-Bellman type integral
inequalities have a significant part in this direction. We propose a—Delta inte-
gral, A—multi-time scale integral, Ito—Isometry, generalized fractional dynamical
Gronwall-Bellman type integral inequalities to analyze some qualitative and quanti-
tative properties of solutions of integro-differential equations, cauchy type problems,
nonlinear fractional stochastic differential equation and fractional A—stochastic dif-

ferential equation.
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CHAPTER 1

Preliminary discussion

1.1 Introduction

Fractional calculus is a generalization of ordinary calculus in which we study deriva-
tives and integrals of fractional order. The study of fractional calculus started in the
1695 in a correspondence between the pioneers of calculus, L’ Hospital and Leibnitz.
The beauty of fractional calculus is that it translates the reality of nature in a bet-
ter way period. Fractional calculus provides more accurate results of the physical
systems than ordinary calculus do. Fractional derivatives is an excellent instrument
for the description of long-term memory and chaotic behavior of various materials
and processes. These effects were neglected in classical integer-order models, this is
the main advantage of fractional calculus.

Fractional calculus has become very useful over the last forty years due to its demon-
strated applications in almost all the applied sciences. We now see applications in
acoustic wave propagation in inhomogeneous porous material fluid flow, dynamics
of earth quakes, bioengineering, medicine, economics, statistics, astrophysics, chem-
ical engineering, nonlinear control, control of electronic power, and neural networks,
among others [2]. By now almost all fields of research in science and engineering use
fractional calculus due to the necessity of dealing with fractional phenomena and

structures. So, this field is keeping a lot of people active and interested.
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For a long time, it was considered that fractional derivatives and integrals have no
evident geometrical meaning due to their nonlocal behavior. In 2002, I. Podlubny
shown that geometric interpretation of Riemann-Liouville fractional integration is
”Shadow on the walls* [21]. In 2016, V. E. Tarasov has given the geometrical
interpretation of the Riemann-Liouville fractional derivative by using the concept of
osculation and linked it with the geometrical interpretation of ordinary derivative.
The concept of osculation is a generalization of the concept of tangency and the
tangent line. Two functions have a contact of order n at a point gy if they have
the same value and n equal derivatives at this point. In the geometry of curves and
surfaces, the geometric objects which have contact of order n at a point is called the
osculating objects. An osculating curve y = f(z) from a given family of curves is a
curve that has the highest possible order of contact with a given curve y = g(r) at
a given point ry. For example, a tangent line is an osculating curve from the family
of straight lines, and it has first order contact with the given curve n = f(r). An
osculating circle is an osculating curve from the family of circles and it has second
order contact.

The notion of n—order contact at a point allows us to define an equivalence relation.
Contact of order n at ¢ can be considered as an equivalence relation of the space
of functions. The equivalence class of smooth functions with respect to the equiv-
alence relation of contact of order n at r is called the n—jet of function at r. The
geometric interpretation of integer-order derivatives is finite-order jet of functions
while geometric interpretation of fractional-order derivatives is infinite-order jet of
functions [25].

The theory of time scales is a growing new area of research both in theories and ap-
plications. Time scale is applicable to any field in which the dynamic processes are
discrete and continuous. For example, it can model plant population of one partic-
ular species which grows exponentially during the months of April until September,
all plants die at the beginning of October, but the seeds remain in the ground and
start growing again at the beginning of April.

This observations give birth to a general theory, time scales. The motivation for
such general theory is rooted in the fact that there is a disconnect between discrete

and continuous methods. Many results concerning differential equations carry over
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quite easily to corresponding results for difference equations, while other results
seem to be different from continuous counterparts. Unification of these two types
of dynamic equations in a general theory will help explain these similarities and
discrepancies. In addition, times scales can be used to study problems that cannot be
approached with differential and difference equations. So, unification and extension
are the two main features of the time scales calculus. The time scales calculus has a
tremendous potential for applications in the field of economy, physics, engineering,

medical sciences and entomology.

1.2 Time Scales Essentials

Definition 1.2.1 [5] A time scale is an arbitrary nonempty closed subset of the real

numbers. It is usually denoted by T.

Definition 1.2.2 The forward jump operator o : T — T for s € T s defined as
o(s) :=inf{r e T:r > s}.

The backward jump operator p: T — T for s € T us defined as
p(s) :=sup{r e T:r <s}.

Example 1.2.1 Let T = {% : w € N} U{0}. By using the definition of forward

1 1 1 1
0(—) = inf{—6T2—>—}
S T r S
1 1 1
)
s—1'5—25—3

): 1,57&1.

5 —1

Jjump operator

w

(W) = —, w#1.

1—w’

When w =1,

o(l) = inf{reT:r>1}

= inf{} =supT = 1.
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Hence,

5 w#1L
1, w=1.

o(w) =
Similarly, by using the definition of backward jump operator, p(w) = o
Remark 1.2.1 o Forw=0,0(0)=0=p(0),=0¢€T is dense.
o forw=10()=1,=1€T is right dense.
o forw#0,1; 0(w) >w, =0,1#weT is right scattered.

o Forw#0, pw) <w, = 0#w €T is left scattered.

Example 1.2.2 Let T = {% : w € No}. By definition 1.2.2

(5) 5+1:> () Jr1
ol=) = olw)=w+ =
2 2 2
and
w—1i w#£0,
plw) = ?
0, w = 0.

Definition 1.2.3 [5] The graininess function p: T — [0, 00) is defined by
w(s) :=o(s) —s.

Definition 1.2.4 [5] If T has a left-scattered mazimum m, then TF = T — {m}.

Otherwise, T8 = T. In summary

T _ T\(p(sup T),supT], supT < oo
T, sup T = oo.

Example 1.2.3 Let T := {1 :w e N} U{0}, then supT =1,

T" = T\(p(supT),supT]
= (L35 UG 1]
= {53 U0}
In other words, m =1 and T" = ({1, 3,3,---}U{0}) = {1} = {5, 5,--- } U {0}.

Example 1.2.4 Let T := {-1:w e N}JU{No} = {-1,—3,—3%,--- }U{0,1,2,--- },
then supT = oo and TF = T.
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Definition 1.2.5 Let §f : T — R be a function and s € T*. Then for each ¢ > 0

there exists a neighborhood U of s such that

[f(o(s) — f(w)] = §2(s)[o(s) — w]| < €lo(s) —w], Vw e U,

where & denotes the derivative of § with respect to s.

Example 1.2.5 If{: T — R is a function such that f(s) = </s. By definition 1.2.5

[Vo(s) = Vel = §2(s)[o(s) —w]| < elo(s) —w|, Vw e U,
Which can also be written as

[V/o(s) = V] = 135 J_\/_ 5))% + V/o(s) v/ +wi))

SEI(W—\%. 3+\/_ﬁ+w% VweU

=13 s+\/_f+ws

< e|(o 3+\/_\/_+w3\ VweU.

Hence,

e ForT=R, f2(s) = 3%
53

g

o ForT=17, *(s) = 2
(s+1) 3+ Yot ¢
= Af(s).

o For T:={{w:we Ny}, 2(s) = IR 53 T
Definition 1.2.6 [5] A function §f : T — R is called rd-continuous provided it is

continuous at right-dense points in T and its left-sided limit exist at left dense points

in T. The set of rd-continuous functions f: T — R is denoted by
Crd = Ord(T) = Crd(T7 R)
Remark 1.2.2 FEvery continuous function is rd-continuous but every rd-continuous

18 not continuous.

Example 1.2.6 IfT=NoU{l — < :w e N} and
0, seN

f(s) =
s, Otherwise

Then | 1s rd-continuous on T but not continuous.
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Definition 1.2.7 [5] A function q : T — R is regressive provided
1+ pu(s)q(s) #0 Vs € TF
holds. The set of all regressive and rd-continuous functions f: T — R is denoted by
R = R(T) = R(T,R).
Definition 1.2.8 The Cylinder transformation &,,(z) is defined as:

LLog(1+mz), ifm#0 (for z+#—1),

z, if m=0.

fm(z) -

Where T is the principle logarithm function.

Definition 1.2.9 [5] If ¢ € R, then the exponential function e, : T x T — R is
defined as:

52
eq(82,51) = exp </ fu(w)(Q(w))Aw) :
51
Remark 1.2.3 o For T =R, ¢,(s2,51) = exp (f;f q(w)dw) :

o ForT=17, e,(s5,51) = [[Z2} (14 q(w)).

w=s1

Theorem 1.2.7 [5] (Gronwall’s Inequality) Let vy, ty € Cyy and ¢ € BT, g > 0.
Then
5
t1(s) < ta(s) +/ t(w)q(w)Aw,Yw € T

50

= 11(8) < tofs) + /5 eq (5,0(w)) ta(w)g(w)Aw,Vw € T

50

Theorem 1.2.8 [5] If g€ R ands; € T, 1 <i <3, then

[eq(ﬁ?ﬂ HA = _Q[GQ(E?H ')]U

and

/52 0(w)eg (53, 0(0)) Aw = €y(83,51) — eq(5s, 52).

s1
Theorem 1.2.9 [5] Let vy : R — R be continuously differentiable and suppose
ty . T — R is delta differentiable. Then ti oty : T — R is delta differentiable and

o6 = { [ 6 (wle) + o @) an b o)

holds.
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Example 1.2.10 Let T = Ny := {Jw : w € Np}, t1(s) = V52 +6, ta(s) = s°.
Then t5' (5) = 3s2. Now,

(poti)(s) = ta(ri(s))
= 15(Vs2 +6)
= 5246

= (tpor))2(s) = s+ Vs +1

and
As) = tl(U(ﬁ)):ﬁ(ﬁ)
o(s)—s
 ou(Vst 4 1) —t(s)
B Vsl +1—5
Y/ (53 +1)5 +6 — /52 + 6
B Vel +1—35
Also,
1 !
| o) + o)) an
1
:/ 3[Vs2 + 6 + hy/(s3 +1)5 + 6 — V52 + 6]%dh
0
h=1
(Va2 + 6+ hy/(s3+1)5 +6 — Va2 + 0]
/(5% +1)5 +6 — /52 + 6 -
B (s +1)% — 52
Y/ (53 +1)5 +6 — /52 1+ 6
Hence,

(s +1)5 — 52
Vet 4+ 1—s
= s+ Vsi+1

= (rzot1)(s).

{ & (va(s) + hils)e2(s) i)

Theorem 1.2.11 [5] Let t; : T — R is strictly increasing and T := v, (T) is a time

scale. Let vy : T — R. Ift2(s) and t5(ti(s)) exist for s € T, then

(ta 0 tl)A = (t?o tl)tlA.
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Example 1.2.12 Let T = Ny, t1(s) = s2. ta(s) = 252 + 5. Then v;2(s) = 25 + 1,
T :=1,(T) = {w?: w € No}. Now,

(vaor1)(s) = ta(ri(s))
= t2<52>
= 26 +5

= (vpot)?(s) = 225+ 1)[s*+ (5 +1)7]

and
(3 ot)(s) = w(s)
_ u(?) — )
o(s?) — 52

Thus, (t5 o ty)t® = 2[s% + (s + 1)2] (25 + 1) = (t2 0 t1)2(s).

1.3 Fractional Time Scales Essentials

Definition 1.3.1 [4] Let T be a time scale such that sup T = oo and fix so € T. For

a given f : [sg, 00)r — C, the solution of the shifting problem

uts(s,0(w)) = —u(s,w), s,we€T,s>w > s

u<5750) = f(ﬁ), 5,wE T75 > 50

is denoted by? and is called the shift of §.

Definition 1.3.2 [30] The fractional generalized A—power function hy : TXT — R

on time scales is defined as:

ha(s, 50) = £ {ZC}H } (s)

for those suitable regressive z € R/{0} such that L™ exist for « € R, s > s.
Fractional generalized A—power function h,(s,w) on time scales is defined as the

shift of ho(s,50), that is,

—

ho(s,w) = ho(.,50)(8,w), §>w > sp.
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Definition 1.3.3 [30] Let v be a finite interval on a time scale T and sg,5 € 7y such
that s > sq, then the Riemann-Liouville fractional A—integral of f : T — R, with

order « is defined as:

(ha-1(.,80) xf) (s) = f;) ho-1(s,0(w))f(w)Aw, o > 0;

I% =
( A,sof) (5) ]((5)’ o= 0.

Remark 1.3.1 e For T=R, (I3 ) () = 7 2 (s — w)* Df(w)dw = J2

S0+
o ForT= Z’ ([Z,Sof) <5) - ﬁ Ei);lso (5 W= 1>(a_1)f(w) = 50A_a
Definition 1.3.4 [30] Let « > 0, m = [a] +1 and f: T — R.. For s;,5, € T*" with
§1 < §9, the Riemann-Liouville fractional A—derivative of order « is defined by
DR s, f(s2) == DXIX " f(s2),

iof it exists.

Definition 1.3.5 [30] Let o, > 0. The A—Mittag-Leffler function aF,z : R x
T x T — R is defined as:

o0
AFaﬂ ()‘75750) = Z )‘ihia+ﬁ—1(5750)7 5 > 5
=0

provided that right series is convergent.

1.4 Stochastic Differential Equation Essentials

To answer the question in which situation, we model a problem into stochastic

differential equation, we consider the following example.

Example 1.4.1 Consider the simple population growth model [19] :

dR
e c(s)R(s), R(0) = Ry(constant)

where R(s) is the size of the population at time s, and c(s) is the relative rate of
growth at time s. It might happen that c(s) is not completely known due to influence

of fluctuations of environment such as temperature, salinity, dissolved oxygen level,

PH level, un-ionized ammonia level, etc. effects the growth of shrimp.
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The equation, we obtain by allowing randomness in the coefficients of a differential

equation is called a stochastic differential equation [19].

Definition 1.4.1 [19] If ¥ is a given set, then a o—algebra G on V is a family of

subsets of W with the following properties:

(al) o € G

(a2) G € G = G° € G, where G¢ is the compliment of G in V.
(a3) C1,Cs,---€G=C:=Ux2,C, €G

The pair (¥, G) is called a measurable space.

Definition 1.4.2 [19] A probability measure p on a a measurable space (¥, G) is a
function p: G — [0,1] such that
(b1) p(¢) =0, p(¥) =1

(b2) If C1,Cy,--- € G and {C;}32, is disjoint, then
p(UZ,Ch) =D p(Cy).
i=1

The triple (V, G, p) is called a probability space. It is called a complete probability
space if G contains all subsets G of W with p—outer measure zero,
i-e with

p*(F):=inf{p(G) :GegG, FCG}=0.

Definition 1.4.3 [19] Let Y be any family of subsets of VU, then there is a smallest

o—algebra 9y containing . The g 1s called the o—algebra generated by 3 i-e
Hu=N{H:9H o — algebra of ¥, C H}.

Example 1.4.2 If 8 is the collection of all open subsets of a topological space VU,
then O = $y is called the Borel o—algebra on ¥ and the elements B € O are called

Borel sets.

Definition 1.4.4 [19] A stochastic process is a parametrized collection of random

variables {Ks}ser defined on a probability space (¥,G, p) and assuming values in

R".
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Definition 1.4.5 Brownian motion s the physical phenomenon which is discovered

by the Robert Brown in 1827. It is the random motion suspended by a small particle.

Definition 1.4.6 The standard Brownian motion is a stochastic process (Bs),cg+ »

such that
(c1) By = 0 almost surely,
(c2) B, is continuous for all values of s and almost surely,
(c3) For any finite sequence of times sg < 61 < -+ < 8, the increments
Bs, — By, Bs, — By, -+, Bs, — B,y
are mutually independent random variables,

(c4) For any given times 0 <0 < s, B;— B, has the Gaussian distribution N'(0,s—
0).

Definition 1.4.7 [19] Let B4(d) be n—dimensional Brownian motion. Then we de-
fine Gy = gé”) to be the o—algebra generated by the random variables {B;(s0) }1<i<n,0<so<s-

In other words, G, is the smallest o—algebra containing all sets of the form
{0:8B,,0) € Gy,--- ,B,,.(0) € G},

where 51,89, , 8, < 6 and G1,Go, -+, Gy are Borel sets.
A function H(a) will be Go—measurable [19] if and only if b can be written as the
pointwise a.e. limit of sums of functions of the form g1(Bs,)g2(Bs,) - - - 9:(Bs,.),

where g1, @2, , @ are bounded continuous functions and sq,s9,- -+ , 5 < 8.

Example 1.4.3 h;(0) = B,/2(0) is Go—measurable because all s values are less than

s, but ha(D) = Bos(0) is not because it contains information in the ” future (28 > s).

Definition 1.4.8 [19] Let {Ss}s>0 be an increasing family of o—algebras of subsets
of U. A process
9(5,0): [0,00) x ¥ — R"

is called Ss—adapted if for each s > 0 the function
0 — g(s,0)

18 Ss—measurable.
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Example 1.4.4 The process 1(s,0) = B2(0) is Go—adapted, but ha(s,0) = Bys(0)

18 not.

Definition 1.4.9 [19] Let U = U(T4,Ty) be the class of functions
f(5,0) : [0,00) x ¥ — R

such that

(d1) (s,0) — §(s,0) is O x G— measurable, where O denotes the Borel o—algebra

on [0, 00).
(d2) f(s,0) is Gs—adapted.
(d3) E[ o f(g,a)st} < .

Definition 1.4.10 [19] The characteristic function of a random variable K : ¥ —
R" is the function ¢ : R" — C' defined by

Or(ur, -+ yupy) = Elexp(i(un Ky + -+ - + u, Kn))] = /n exp(i < u, k >).P|K € dk|,
where < u, k >= w1k + - -+ + uyk,,.
Remark 1.4.1 1. ¢k is the Fourier transform of K.

2. The characteristic function of K determines the distribution of K uniquely.
Definition 1.4.11 [19] A function ¢ € U is called elementary if it has the form

0(5,0) = ¢;(0).Kig; 5541 (9);
J

where IC denotes the characteristic function.

Remark 1.4.2 Since ¢ € U each function e; must be G, —measurable.

Lemma 1.4.5 [19](It6 Isometry) If ©(s,0) is bounded and elementary, then

( / b w(g,a)d%s(m)z _B [ /T T W,o)?ds} |

T
Lemma 1.4.6 [I](Borel-Cantelli Lemma) Let {G,} be a sequence of events on

E

a probability space (V,G,p). Then
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(el) if > .2, p(Gy) < o0, then p(limsup G,,) = 0;

(e2) if {G,} are independent and

Z p(Gr) = oo,

n=1

then p(limsup G,,) = 1, where limsup G,, = (), Us—,, G-

Definition 1.4.12 [19] A filtration on (¥, G) is a family D = {Ds}s>0 of a c—algebras

D, C G such that 0 < sqg <s = D;, C Ds.

Definition 1.4.13 [19] An n—dimensional stochastic process {Ms}s>0 on (¥, G, p)

is called a martingale with respect to a filtration {Ds}s>o if
(f1) M, is Ds—measurable for all s,
(f2) E[M,|] < oo for all s,

(f3) E[M,|Dy,] = My, for all s > s.

Example 1.4.7 [19] Brownian motion B, in R™ is a martingale with respect to the

o—algebras G, generated by {Bs, : 50 < 5}.

Theorem 1.4.8 [19] If M, is a martingale such that s — M(c) is continuous a.s.,

then forq>1,T >0 and w > 0

1
P ( sup [ > w) < LBy,

0<s<T

1.5 Some Basic Essentials
Lemma 1.5.1 [17] Let aj,as > 0, 51,52 € R and s; # so. Then
> _ _ (@) (az)
_ D a1—1 D _ az 1d0 — _ a1taz—1 )
/S (=00 w) (32 = syt e e

Corollary 1.5.2 [29](Cauchy Schwartz inequality) Let fi,fo € [([s1,s2],R),

([ sorom) < [“nera [ oz

then
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Lemma 1.5.3 [17] Let a1, ay € R. Then for £ > 0, we have

(€ +ay)

(e ray Q) €m0

Definition 1.5.1 [17] Let ay > a; >0, 0> 0. Then the following definition:
F@maz(f) = anfn, EeR
n=0

[(no+a1) )

is well defined, where by is a positive constant, and b, 1 = (F(ng—i—az)

Lemma 1.5.4 [14] Let s > 0; ¢, > ¢, > 0, with ¢, # 0. Then, for any a > 0

&2 €, e2—ey €, — €, 2
g < —a u §+ aes.
€1 €1

Lemma 1.5.5 [18] Let f1,f2 € Cra(T,R) and ¢ € R*. Then
it () < g(@)f1(0) + F2(0),

0
= 1(0) < §1(00) exp, (0, 00) —i—/ exp, (0, 0(5))f2(s)As.
00
Theorem 1.5.6 (Bernoulli’s inequality) For a real number w > —1 and 0 <

n<l1,

(14+w)" <1+ nw.




CHAPTER 2

Grownwall-Bellman type tfractional and

dynamical Integral Inequalities

It is well known that Grownwall-Bellman type inequalities play a significant role
in the study of the boundedness, uniqueness and continuous dependence on the
solutions of differential, integral and integro-differential equations. The following
chapter is divided into three Sections. Section 2.1 is a motivation of an idea given
by Q-X Kong et al. [17]. In Section 2.2, we investigate some delay integral in-
equalities on time scales to generalize, extend some existing results and to unify
their corresponding discrete analogue. In Section 2.3, we construct generalized frac-
tional Grownwall-Bellman type inequalities on time scales and give some definitions
to structure the fractional A—stochastic differential equation of Ito—Doob type on

time scales.

2.1 Generalized Fractional Integral Inequality

Theorem 2.1.1 [22] Let g1(x) be a non-negative and locally integrable function on
R™; let go(x), g3(x) are nonnegative, nondecreasing continuous functions defined on

R* and bounded. Further, if r(x) is a nonnegative and t* 'r(x) is locally integrable

16
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on RT such that:

r r
r(x) < 01(x) +gz(z:)/ (x—p)b_lp“‘lr(p)dp+gs(z:)/ 2 r(p)dp, v € R,
0 0
(2.1.1)
Then, for each constanta >0; 0 <b<1; c=a+b—1>0; w>0; r € [0,w]; 0,1 €

N, we have

9@ + 35 <r<b>>9* Hf:f ey
XY 0o Chgs "(®)g(®) [ (x — p) " ga (p)dp, a,b € (0,1) ;
r(r) < (2.1.2)
(0—1)(a—1)
91(x) + 2 62 1 erb)
in 0 Chgy () gl () — p)™ W gi(p)dp.a € [1,00),b € (0,1).

Proof. The proof of the inequality (2.1.1) would be followed by two cases. In the

first case, we may assume a,b € (0,1) and in the second case, we may assume that
€ [1,00) and b € (0, 1).
On letting

Ar(x) == ga(r) /0 ZE(zc —p)"'p* r(p)dp + gs(x) /0 x L (p)dp.

In this case, (2.1.1) is reshaped as:

r(x) < g1(r) +Ar(r)

[terating the inequality for some 6 € N, one has

>
—_

r(@) < ) Wi (r) + A (x) (2.1.3)

n

Il
o

We claim that the following inequality does hold:

<r<b>>9*1n? friﬁib Y0 O " (®)93(®)
Xf() 0c ap ( )dp) a,b e (0, 1) ;
() < (2.1.4)
0..(6—1)(a—1) —
%Ze, Chgs " (x)93(x)
Xfo P10 1 (p)dp, a € [l,00),b € (0,1),

for some 6 € N, where [[_, g(i) = 1.
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Case-I: The proof follows the induction criteria on 6. For # = 1, consider

Ar(x) = ga(x) /Op(zc—p)b‘lp“‘lr(p)dergg(zc) /;xb‘lp“‘lr(p)dp

0

< (g2(1) + 93(0)) /O F(x —p)"'p* r(p)dp,

which is true by virtue of []_, g(i) = 1.
Suppose it holds for some 8 = m. Then, for § = m + 1
A" r(r) = AR™A™r (1))

B / e p) A (p)dp + gae) / e (p)dp

< 00 [ 0oy Ty >yl 0
. / p= O ey + o) [ (00

IN
’,’1\
=
E

L
3
L
}1
5

MS
<3
vy

K

t
)
N

3
=

L
b—1, a—1 mc—a ~a—1
<[ e / (p = )™= r()dCdp

0

Change of order of integration yields the following:
T T(ic) & v
) < (Ce)" ] F(.—ZC%Q”_”“(@Q?(?)/O ¢ 'r(Q)
r
b—1,a—1 me—a 1 m 1
X/C(zc p)"~ ' (p = Q) dpdC + (T H—Zc+b
XZCIIng;n* 7]+1 / ga 1
n=0

¢ _ \b—-1,a-1/ ~\mc—a
x [ (x—=p) p" (p— ()" "dpd¢
¢
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s m—1
b—1 mc— 1dd ml
/C(zc p)’'(p— O™ dpd¢ + (T EPZCM

x /OF@ = QU (QdC+ (0 O)" [ (Fi(gii)@

m r
< Crap el ®) [ (6= e Odc
n=0

B ) K L

T(b))" ]l % Z; Crgs ™" (x)gi (x)

o) I ¢ ij)b) Crgr @) [ (= Qe cac
)" [T sy C8 a0 [ = Qe tr(cyac
+ ) Ty S+ a8~ W)

m+1)c— aca 1 (C)dC

X
c\
Py rt
)
|
C

)" ] ey Cattar ) [ o= 9meeetropag
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r
_ ~\(m+1)c—a a—1 d
< [e= ot

which is no more than inequality (2.1.4) for § = m + 1.
Case-1I: For 6 = 1, the steps are same as a,b € (0, 1).

Suppose (2.1.4) holds for some § = m. Then, for § = m + 1, consider
A (r) = AA™(x))

. / (e P A (p)dp 4 ga(e) / e (p)dp
)3 m (m—1)(a—1) ™
92(x) /0 (x—p)" 'p*! (F(b))rfmb) > Crg T (p)gi (p)

n=0

IN

P _ A\mb—1ra—-1
x /0 (b — O™ r(C)dcdp

ot ey (D(b)™ ptm=Dla=1)
+ b—1 _a—1
93(x) /0 7 T (mb)

<> Crap ) [ (=0 Odcdy

VAN
i
>l
LSS
S~—— 3
(]
<
3
3
+
—
=
Q
=3
=
o\(}1
7»?
’B
S~—
Q‘
H
i)
Q
i
5

o ptptm el /p(p—C)mb‘léa‘lr(C)dCdp

0

m _m(a—1) ™ '
» m _m(a—1)
< [ =ome g+ FEE

< cpg e e [ [ o= om e i od
n=0
Interchanging the order of integration yields
m (CO)™ ™ S e o
Wiry) < e 2 O e [ ¢ Q)
n=0

()" o
['(mb)

¢ oo\l mb—ld d
></< @-—p)"" (-0 pd¢ +

Cm ;n*?? 17+1 a— 1 ' . b—1 o mbfld d
< ¢ (C)/C(zc P p— " dpic

(F(b))m m(a—1) Zc«m m— 77+1 (?3) /Oxca—l,r(c)

n=
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COTmD) s, (L)
T mp) E A g
O e o / - <<>§((?%($2<;—ob+mb*d<
D(b))™ ! gmla—1) O
- S > cpr )
! m41)b—1 ra—1 (1—‘([7))”1+1 b
< [e= oot St
P [ - O e
() K 1, m-ntl \ n
_ | ;2&n_+2)b) ;é%<1T 95 " (1) (x)

(2: . C)(m+1)b71<a71r(<ﬂ)dc

X

S~

which is no more than inequality (2.1.4) for 6 = m + 1. We further, claim that
A%r(x) — 0 as  — oco. Now, we go back to inequality (2.1.4).

For the case a,b € (0, 1), there exists N; > 0 such that for § > N, we have
Oc—a >0,
and hence for an arbitrary w > 0
(k—p) " <’ pel0w], pel0y.

Therefore, for § > N; and ¢ € [0, w], we have

0—-1

2t < 0 sy Z T N O
< 0" [y (0:0) + ) / W)y (215)
0—-1 . w
< @) T ey (00 + 0@ [ =iroiap
For
L -1 o I (ZC) 0 Oc—a
By := (I'(b)) H—F ) (92(x) + g3(x))" ™

Since g¢2(r) and g3(x) are bounded, so by Lemma 1.5.3

Bt~ JOPCD (gse) + sn(0) 0 =0 a5 0 ox
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a—1

p tr(p) is locally integrable over R™, so
Ar(x) — 0 as 0 — co.

Similarly, we can prove that for # > N, and ¢ € [0, w],

Z%ggl(x) = iﬂegl(;)+ Z 291 (x)
9—1 9—1

0=N5-+1
No oo w
< > g+ > B [
6=1 f=No+1 0
< o

In a similar fashion, in Case-II, some one can prove Ar(x) % 0 and convergence
of Y50 A%g:(x) for ¢ € [0,w)]. 0
For g;(zr) = gr?! in Theorem 2.1.1, the following holds.

Corollary 2.1.2 [22] Leta,d >0; 0<b<1l; c=a+b—-1>0; e=a+d—1>
0; g > 0; go(x) and g3(r) are nonnegative, nondecreasing, bounded and continuous
functions defined on RT. Further, suppose that r(t) is a nonnegative and x 'r(x) is

locally integrable on R™ such that:

r L
r(r) < grt + gz(zc)/ x—p)" " r(p)dp + gs(zc)/ " r(p)dp, t € RT,
0 0
(2.1.6)
Then

r(r) < gt Foepre (D) (92(x) + 95(2)) 1), r€R'. (2.1.7)

Proof.  From the proof of Theorem 2.1.1, we have A%r(x) — 0 as § — oo for the
cases a,b € (0,1) and a € [1,00), b € (0,1). This, together with (2.1.3), leads to

rr) <Y (Agrt) (x).
n=0
Now, we show that
n—1 . n
_ _ [ (ic+e) P
0, .d—1 < ot (¢ T(D))" . Mah—t l N(2.1.
(A7g271) (x) < gr™! (x° T(b)) izor(bﬂcﬂ);qg? (r)g5(x), n € N(2.1.8)

For § = 0, the result holds by virtue of [['—y g(i) = 1. Suppose it holds for some

6 =n. For 6 =n+ 1, one has

r™ ) @) = g2) /0 ZE(!i—p)b‘lpa‘l (A"gp™") (p)dp




23 2.1. Generalized Fractional Integral Inequality

L
+93(x) / 7t (AgpTt) (p)dp
0

n—1

L
< gz(zc)/o (x—p)" 'p gy )" H e f;j 7
X Z Clgy™ p)dp + g3(x) /O ; L g (p° T(D))”
(ic +c) Zn: Clgy ™" (p)gs(p)dp
o1 b L (b+ic+e) 4 —
(ic+e) ! —i ;
= nZOF b+ic+e) ch H 95(0)
x /I(zc =)' T T " dp + g (D (D))" ﬁ er o
0 ol (b+icte)
chn g )/ P Lpa=Lyd=1pne g,
0
n—1 . n+1
< oro[] % > o
0

n+1

= o0 [ g oy 2 O W

" L'®)(a+d+nc— 1);a+b+d+m_2
I'la+b+d+nc—1)

n+1

T T(ic+e) ; -
_ d—1 T(b n+1 o\ n+1 n—i+l i
g™ (r°T'(b)) gr(b+z’c+e) ;C g5 " (x)g5(r)

Hence, inequality (2.1.8) is satisfied for any n € N. In other words, we have proved
that

—_

n—
,7 [ (ic+e)

T (b+ic+e)

Mg

r(r) < 72 Z Clgy (1) gi(x)-

=0

3

Il
=)

.

By definition 1.5.1

r(x) < gr"  Fuepie (D(D) (g2(x) + g3(x) 2°) -

Remark 2.1.1 For g3(x) = 0,z > 0, Corollary 2.1.2 reduces to [17,Theorem 2.7]
forb e (0,1).
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2.2 Delay Double Integral Inequalities On Time
Scales

In this section, we consider three types of integral inequalities on time scales which
are given as follows:
714 (x1) Wzl(;z)

w(u(rr,r2)) < ai(r,r2) +az(rn, 2 Z/ u(pni(th), pai(tz)))

~1i(ro1) J2i(r02)
X [fi(x1, tr, r2, to) {wa (u(pi(ty), pai(tz)))

to
/ / Gi t1)11‘117{27“‘12)
~1i(zo1) 7 v2:(zo2)

Xwa (w1 (my), po;(me))) AmoAmy } + 7, (4, t2) | At Aty (2.2.1)

v1:(21)  pryes (;2

w(u(r,r2) < ar(rr, r2) + az(x:, 12 Z/ w(p(tn), poi(t2)))

~v1i(x01) < v2:(x02)

[fi(zchh,zczt,b)wz( u(pi(te), poi(t2))) {ws(u(p (), pai(te)))
i (t, my, b, mo)ws (w(pr (my), pai(ma))) Ame Amy
+/Wm /mm“ 1, oy ) (1 ja1s (1), 121 (ma) ) Ay Ay )

+ri(t, to)wa(log(ulpni(t), pai(t2))))| At Aty (2.2.2)

~14(x1) ’721(222

w(u(r,r2) < ai(r,r2) +az(rn e Z/ u(pi(te), pai(tz)))

’le ZC01 ’Y2z X02
X[ fi(rr, b, 22, to) {wa (u(pens (61), poi(t2)))
t1 to
+ / / gi(t1, W1, b, o) (w(pns (1), prza (o)) Amp Ay}
Y14 (xo1) 7 v2i (xo2

—|—7’i(t17 tg)L(tl, t2, U)Q(U(fl, tQ)))]AtQAtl (223)
with the initial condition, for (r,r2) € Ty x Ts.

w(u(ry, r2)) = a(r1, r2), L1 € [p1, Lol or r2 € P2, Lo2lT ;
a(pri(r1), p2i(r2)) < ai(ri,r2), i(r1) < ror or poi(re) <re,1<i<n

(2.2.4)

Throughout the discussion of this section, Ry := [0,00), R{ := [1,00), ro; € T,
T; = [roj;00)r € T*, A; C Np; 1 < j < 2, pj; is the backward jump operator,
XA% (y1, 9o, ,yn); 1 < i < m, is the partial delta-derivative of X with respect to
i—th variable and Ay; X (y1, Y2, -+ ,yn) is the forward difference of X with respect
to t—th variable. For t > 0,

= ti or X)) =X
le““”‘/1mw—wp» for ©,(c0) = co.
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6= [ ey ™ Sm =e
v Ap
0= [ e CHAD)

for Q;(o00) = 0.

v1i(x)  py2i(x2)
b1(z1,22) == &1(a1(r1,22)) + az(x1, 12 Z/ / ri(t, ) At At
5

v1i(xo1) 2i(x02)

ba(r1,82) = & G1 (x1,82)) + az(x1,22)
Y1i(2s) v2i(x2)
/ / ri(ty, 1)Lt by, 0) Aty Aty
1i(x01) v v2:(ro2)

'711 Fl 721 FQ
c(r1,r2) = / / fi(r1, 6,12, &)
71i(r01) 7 72i(ro02)

X(l 4+ / / gi(tl,ml,tz,mg)AmgAml)AtgAtl.
Y1i(Xo1) 7 ¥2i(ro2

’711 Fl 721 I2
0;(x1,12) == 611 (61 (a1(r1,12))) + az(r1, 12 Z/ / ri(ty, o) At Aty
v

Y14 (xo1) 2i(x02)

The following assumptions are to be considered for the convenient representation

(C1) u,aj,7i € Cra(T1xT2, Ry ); pji € (T, T), 755 € Crg(T5, Ry ); w, wy, € C(Rg, Ry );
a€ Chpy (([Pu?Ol] X [Pz, To2]) e 7R(J)r) ; fiagivfz’Axl € Ca(TixT3,Ry), 1 <k < 4.

(C2) a; is nondecreasing in each variable.

(C3) wy is nondecreasing function such that wg(p) > 0 for p > 0.
(C4) w is nondecreasing with lim;_., w(t) = oo.

(C5) ;i is nondecreasing with v;;(x;) < ;.

(C6) 1ji(x;) <¥j, —oo < p; = inf{min (u;i(x;)) &5 € T;} < xo;-

Theorem 2.2.1 [23] Let the inequalities (2.2.1) and (2.2.4) be hold. Then, under
the conditions (C1) — (C6) fory; € T;, 1 < j,k <2, one has

u(ry,12) < w (G (B5 1 (B2(by(r1,12)) + aa(x1, r2)e(x1,12)))).- (2.2.5)




26 2.2. Delay Double Integral Inequalities On Time Scales

Proof.  Under the condition (C2), the inequality (2.2.1) is rewritten as:

v1i(x1) P2 Xz)
w(u(ry,r2)) < ai(n,r2) +azy, 12 Z/ / u(pi(tr), p2i(t2)))
v v

13(xo1) Y24 IOQ)

X [filx1, t, xas t) {wo (u(pi (), poi(t2)))

1)
/ / gz t17m17t27m2)
71i(x01) < v2i(ro2)

Xw2< (uh(ml), Mgz(mg)))AmgAml} + T’i(tl, fg)]AtQAtl

where (g1, 2) € [ro1, ] X To for some fixed y € T;.
On letting &1 (x1,¥2) by

7i(r1)  pr2iee)
&(r1,12) = ai1(n,12) + az(v, r2) / / u(pai(th), oi(t2)))
v 7

14(x01) v 724 I02)

X[fix1, 1,12, b {UJ2( (uu(h) p2i(t2)))

t2
/ / gl t17m17t27m2)
~1:(zo1) 7 v2:(ro2)

Xwg( (ph(ml), Mgl(mg)))AmgAml} + T‘Z'(tl, tg)]AtgAtl, (226)

then we have
&1 (xo1,22) = a1y, x2), (2.2.7)

and

u(ry,r2) < w (& (L ). (2.2.8)

If f11:(x1) > xo1 and po;(x2) > ro2, then

w(pini (), pai(E2)) < w™ (& (pas(xn), i (x2))) < w™ (& (x1,22)). (2.2.9)

On the other hand, if ;(r1) < ro1 or pg;i(r2) < re2, then

w(pni(rn), pai(x2)) = w™ ' (a(pai(xr), poi(x2)))

< w N a1(x1,12))
< w(&(x, x2)). (2.2.10)
From (2.2.9) and (2.2.10), we have
w(pri (1), proi(x2)) < w (&1 (x1,12)) for (x1,12) € [ror, 9] X To. (2.2.11)

From (2.2.6), by [9, Lemma 1.2] we have

v2i(x2)

64 (0m) = e Y i) / wn (s (a(e0)), s (12)))

v2i(x02)
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Y1i(x1), T2, to) {w2 (u(pni(71i(x1)), p2i(t2)))

) ),
'le
/ / Gi(mi(xr1), my, ta, my)
’711 ZE01 ’Y2z 2:02
Xwa (u(p1i(m1), poi(ma2))) AmoAmy b + 73 (715(21), t2)| Aty

n

v1i(x1)  py2i(r2)
raste) 3 [ ) s (w)

i=1 Y 71i(zro1) J2i(r02)
X [fix1, t, xas to) {wo (u(pi (), poi(ta)))

t2
/ / 9i t17m17t27m2)
A/ll IOI A/Ql PO?

Xwa (u(ptr; (M), pi(m2))) AmpAmy }
+7’i(t1,f2)]Af2]AnAf1- (2.2.12)

Plugging inequality (2.2.11) in (2.2.12), we have

v2i(r2)

62 (n.p) < az(n,xz)Z'yﬁ(m) [ e ). )

v2i(x02)

o (x1), 1i(21), 22, o) {wa (0™ (&1 (i(x1), t2)))

'le Fl
/ / Gi(71i(x1), my, t2, mo)
“111 ZC01 ’721 xoz
X ws (w (51 (my, mo))) AmaAmy b+ 73 (714 (21), £2)] Aty

7i(r1)  pr2i(ee)
()Y [ e e w)

i—1 Y 7i(ro1) J2i(r02)

X[ fi(x1, b1, 22, o) {wa(w ™ (&1(k, 1))

t2
/ / gl t17m17t27m2)
Y13 (x01) J 72 (x02)

Xwy(w (€1 (my, my))) AmaAmy }

47 (1, )| Aty AL, (2.2.13)

Using the fact that wy, w, & are nondecreasing, (2.2.13) become

v2i(r2)

%, 5) < wilw (& r)))aa (), Z%z 131 / [fi(o(x1), 1i(x1), 22, to)

~2i(x02)

'717. Fl
x {wy (W (&1 (14(x1), / / 9i(71i(x1), my, ta, my)
v “/21 ZC02

14(ro1)

xwsy(w (& (my, mg))) AmaAmy } + 75 (v15(x1), t2)] Aty
Yi(m)  preilrz)
+wi (w (& (21, 12)))az(, 12 Z/ / [fir1, 6,22, &)

Y14 FOI 21 F02

x{wa(w (&1 (4, b)) / / gi(t1, my, to, my)
71 (%01) + v2i(x02)
X Wso (w_ (fl (ml, mg)))AmgAml} + Tz‘(tl, tg)]Atg]An Atl
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Equivalently,

v2i(x2)

&% (11, 12) a —~ A (o .
7~U1(w_1(§1(?1,X2))) < 2(07;2)2711;(;1) [mz(nﬂ) [fl< (P1>7’712(;1)7;27t2)

X {wsq (w (51 (M1i(x1), t2)))

’711 .n
/ / Gi(11i(x1), my, to, my)
711(;01 ~v2i (X02)
Xwa(w (€ (my, m2))) AmaAmy b + 73(725(x1), t2)] Aty

n yi(r1)  py2i(x2)
+ax(v,x2) Z/ [/ [fi(x1, b, 22, t2)
i=1 Y7 Y

14(xo1) 2i (x02)

X{w2( 51 t17t2 / / t1711117{271‘[12)
~1i(zo1) 7 v2i(ro2)

xwy (w (& (Mg, my)) ) AmaAmy Y + 754, )] A ALY

n

7i(x1)  py2i(re)
= az(UaM)Z[/ / [fi(er b, 12, t)
1YY v

1i(zo1) o v24(ro2)

1=

x{wa(w™ (&1 (4, b)) / / gi(ti, my, to, my)
~1i(ro1) 7 v24(ro2)
xwy(w (€5 (M, my)) ) AmaAmy } + 74t t) | Aty Aty 2F

Integrating over [ro1,r1] and using the definition of &; yields:

(51 (ZC1 r2))

’711 Fl ’721 2:2
< B1(&i(ror,x2)) + az(v, 12 Z/ / ri(t, ) At AY
~1:(ro1) J2i(ro02)
v1i(x1) P2 x2) .
Tar(y, 1 Z/ / Fier b b, ) {0 (6 (1, 1))
71i(r01) 7 y2i(r02)
+/ / gi(t, my, to, mo)wa(w™ ' (& (M, my))) AmaAmy AL AL
v1i(xo1) 7 v2i(ro02)
~1i (9 ~2i(x2)
< &1(a1(n,12)) + az(n, 12 Z/ ri(t, ) A AL
~1i(xo1) ¥ v2:(x02)

v1i(x1)  py2i XQ) "
(0, 12) / / F(en b1, 1 ) {wn (w1 (61 (11, 1))
Y Y:

1i(zo1) o/ v2i(ro2)

+ / / g1t 1, b, o) (10 (€ (my, ma))) AmpAmy FALAL
Y1:(Xo1 721 Foz

v1:(x1) P2 (Xz)

b1(9,12) + az(n, 12) / filtr, b, v, o) {wa(w ™ (616, 1))

1:(r01) v 72i(r02)

4 to
_l_/ / gi(thmla t27m2)w2(w_1(€1(m1,mQ)))AmQAml}AtgAtl
y1i(xo1) 7 v2i (x02)
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On letting (;(x1,r2) by

n v1:(r1)  py2i(re)

Ci(r1,r2) = bi(n,x2) +az(n, r2 Z/ fi(r1, 1,12, &)

~1i(zo1) J2i(xo02)

x{ws(w™ (& (t, 1)) / / gi(tr, my, to, my)
71i(x01) 7 72i(r02)

xwg(w_ (51(1111,mg)))AmgAml}A’QAtl, (2214)
then we have
C1(xo1, £2) = b1(n, r2), (2.2.15)
and
&1(r1,12) < 67 (G(r1,12))- (2.2.16)
A Y2i 2:2)
S G (n) = ) Zvu (& / £ (), i), 0 )
722 IOQ
~14(x1) t2
x{wa(w™ (& (Y1(x1), / / Gi(71i(x1), my, ta, my)
’le ZC01 Y24 (¥02

xwo(w ™ (& (my, ma))) AmaAmy FAL,
n Y14 (x1) v2i(x2)
+a2(g,;2)2/ [/ fi(xr, t, 52, t)
=1 77 ot

1:(ro1) 2i(¥02)
x{wa(w™ (&1 (4, b)) / / gi(t, my, t2, my)
~1i(r01) Jv2i Foz)
X’U)Q(U)_ (gl(ml,m2>>>Am2Am1}A{L2]AMAt1. (2217)

Plugging inequality (2.2.16) in (2.2.17), we have

v2i(x2)

ClAanva) < CL2(U;F2)Z%A¢(X1)/ filo(x1), 1i(x1), x2, t2)

~2i (ro02)

x{wa (W™ (B (G (i), 2))))

Y14 xl
/ / gi(71i(x1), my, ta, my)
Yii FOI Y24 ;02
xwa(w™ (G  (C(my, my)))) AmpAmy FAL

n (1) py2i(e2)
+a2(U,P2)Z/ [/ fi(r, 4,22, to)
=1 Y7 v

14(ro1) 2i(T02)
x{wa(w (B (G b, t2) / / gi(ti, my, tp, my)
~1i(x01)  v2i (x02)
xwg(wfl((’ﬁf (Cl(ml,mg))))AmgAml}AtQ]AhAtl. (2218)

Using the fact that wy, w, &1, (; are nondecreasing, (2.2.18) become

G (rre) < wa(w (BT (G, 12)))az(n, 12) Zvﬁ-(rl)
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v2i(r2)
X/ filo(x1), 1i(r1), k2, t2)

2i(x02)

711 Z:l
x{1+ / / gi(v1i(x1), M, t2, o) AmaAmy FAL
'y ~2i(x02)

11(101

Fwa(w (BT (1 (21, 12))))az (v, 12)
n 71L(x1) v2i (22)

XZ/ [/ fi(xr, b, 52, t2)
i=1 Y 1i(ro1) J2i(zo2)

t1 to
X{l + / / gi(tl,ml,tg,mg)AmgAml}Atg]A“Atl.
Y1 (xo1) 7 v2i (o2

Equivalently,
G (11, 12)
w2(w_1(®f1(C1(X17?2>>>)
n A v2i (x2)
< az(y, 12 Z%i(?l)/ filo(x1), 71i(x1), 22, t2)
~Y2i (X02)
Yii Fl
x{1 +/ / Gi(71i(x1), my, to, mo) AmoAmy FAL,
~Y1i(zo1) 7 v2i(zo2)
~14(x1) Y24 (2)
+as(, 12 Z/ / filer i, x2, )
yi(ro1) Jy2i(xo2)

X{l + / / gi<t1,m1,tg,mg)AmgAml}Atg]AnAtl
~1i(zo1) 7 v2:(ro2

n 1i(r1)  py2i(xe)
= a2(‘%?2)2[/ / filr i r2, )
i=1 Y7 Rt

1i(xo1) Y v2:(x02)

t1 t2
x{1 +/ / gi(tr, my, to, mo) AmoAmy FALAY ]
y1i(x01) 24 (202

Integrating over [ro1, r1] and using the definition of &, yields:
mi(x1)  py2i(e2)

G2(Ci(r1,12)) < Ba(Gi(xors r2)) + az(b, x2 Z/ filr b r2, t)

71 (201) 7 2i(202)

><{1+/ / gi(tr, my, t2, mo) AmaAmy FALAY
~1i(ro1) 7 v2i(ro2

= G3(b1(n,22)) + az(y, r2)e(x1, r2) (2.2.19)
Combination of (2.2.8), (2.2.16) and (2.2.19) yields the desired result (2.2.5). 0

Remark 2.2.1 o For T =127, ai1(r1,02) = ¢, as(r1,02) =1 = wo, v = 1 = pys,
n=1, fi(t1,t1,82,82) = f(t1,t2), g = 0 =1y, Theorem 2.2.1 coincides with [6,
Theorem 2.1]. Moreover, for w(u) = uP, it coincides with [7, Theorem 2.1].
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e For T = R, a1(r1,82) = ¢, as(t1,22) = 1, wy = T = pyi filtr, b, 02, ) =
filti, ), s =0, 1 <i < n, Theorem 2.2.1 coincides with [8, Theorem 2.5].
Moreover, for r; =0, it coincides with [8, Theorem 2.2].

o For T=R, wi(u) =ul, pj =1, fi(x, 1,12, t2) = fi(ti, 82), g: =0, 1 <i <,
Theorem 2.2.1 coincides with [16, Theorem 2.1].

o Forn=1,v; =1, wy =1, filtr,t1,12,2) = f(t1,t2), gs = 0 =1y, Theorem
2.2.1 coincides with [11, Theorem 1].

o forT=Z, wy=1,v;=1=pu,n=1 filt,t1,12, ) = f(t1,t2), 6 =0 =

ri, Theorem 2.2.1 coincides with [12, Theorem 1].

ForT =R, p; =1, fi(r1, 41,12, &) = fi(ti, t2), g: = 0, Theorem 2.2.1 coincides
with [28, Theorem 1].

Theorem 2.2.2 [25] Let the inequalities (2.2.2) and (2.2.4) be hold and under the
conditions (C1)-(C6) for u € Crq(Ty x To, RY), r; € T;, 1 <j <2

o if wy(u) > wa(log(w)), then
u(pr, ) < w (ST (S5 (Q Q1 (01 (11, 12)) + as(x1, £2)c(11,22)))))  (2:2:20)
o if wy(u) < wa(log(w)), then
(e, r2) < w N (G (G5(Qy (Qa(02(x1:82)) + a2(x1,12)e(k1,12)))))- (2:2:21)
Proof. Under the condition (C2), the inequality (2.2.2) is rewritten as:

v1i(21) ~v2i(x2)
w(u(enr) < ann, ) + as(o, r) / / w(pn (). pa(1)))

14(x01) ¥ 724 (x02)

[fz'(t?17f17252t’t2)w2( (Mlz‘(tl)aﬁb%(b))){w?)( (pi(t), p2i(t2)))
i (81, my, to, mo)ws (w(peri(ma), pei(msz))) AmeAmy
+/Wm /( gt M1, oy ma)uws (u(jass (), 2o (ma) }
+7i(t, t2)wa(log(u(pi(tr), pai(tz)))) | Ata Aty

where (r1,r2) € [ro1, h]r X To for some fixed y € T;.

On letting &5 (z1,12) by

Y13 (r1) Y2i(r2)
&(r) = ai(n,r2) + a2(n, 12 Z/ / u(pi(tr), pai(t2)))

'le IOl 21 IOQ
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X[fi(xl’tl’xi’ to)wa(u(pai(ty), pai(t2)) ) {ws(ulpni(tr), pai(tz)))
L, My, by, Mo )ws (w(g (M), e (M) AmeAmy
+/m(zco1 /wz(xog gi(tr, mu, to, ma)ws (w(pi(ma), poi(mz))) Amp Am, }

+T’i(t1, tg)w4(log(u(,uu(t1), ,U/Qz(tg))))]AtgAtl, (2222)
then we have
& (xo1,12) = a1 (v, 12), (2.2.23)
and
u(ry, 12) < w (& (1, 12)- (2.2.24)

On going the identical steps from (2.2.8) — (2.2.10), one has
w(pi(er), pai(x2)) < w™H (& (1, x2)) for (21,82) € [ror, e X To. (2.2.25)

From (2.2.22), by [9, Lemma 1.2] we have

n v2i (22)
£ (0m) = () S A () / s (e) ()

i=1 ro2)
X[ fi(o(x1), y1i(x1), xo, to)wa(w(per; (71:(x1))s proi(t2)))
Y14 (x to
x{ws(u(pi(71:(x1)), p2i(t2)) / / Gi(71i(x1), my, to, my)
ZC01 Y24 }502

Xws(u(pi(my), pai(ma))) AmaAmy b+ 73(71:(21), t2)

X wy(log(u(peri(y1i( Xl  H2i(t2))))] Aty

14 ( Y2i (zcz)
+as(n, ro Z/ / u(pi(th), p2i(t2)))
Y

1i(x01) Foz)

[flixlvtlaQ:?tth)wZ( u(pini(ty), proi(t2))) {ws(u(pni(te), pai(tz)))
+/ / gi(tr, my, to, mo)wsz(u(pri(my), pai(ma))) AmyAm, }

2i(¥02)

+7"7;(t1, tg)lU4(10g(U([L1i(t1), Mgi(tg))))]AtQ]AnAtl. (2226)

Plugging inequality (2.2.25) in (2.2.26), we have

~2i(r2)

& (0w = e Y de) [ e Gl w)

i=1 72i(ro02)

X [fi(o(x1), 1i(x1), k2, t2)wa(w ™" (&( 11( 1), &)))
x{ws(w™ (& (71i(x1), o / ! . i(710(21), My, £, my)

><w3(w_1(§2(m1»m2)))Am2Am1}+7”z(71z(?1) 2)
xwy (log(w™ (52(%(251) ))))]A’Q

+a20xzz /( / wi (07 (G (4, )
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X[ fi(x1, b, ko, t2)wa(w ™ (&2(tr, ) ) {ws(w ™ (&2t t2)))
t t
+/ / gi(t1, my, to, mo)wz (w ™ (&2(m1, m2))) AmaAmy }
~1i(ro1) 7 v2i(ro2)
+7”i(t1, tg)w4(log(w*1(§2 (tl, tg))))]Aig]AnAtl. (2227)
Using the fact that wy, w, & are nondecreasing, (2.2.27) become
~Y2i(r2)

&M (L) < w1(w_1(§2(r1,FQ)))az(UaM)ZV@(M)/ [filo(x1), 1i(x1), 22, t2)

= ~2i(x02)

X ws (w (52(%@1) 2)){ws(w™ (& (i), t2)))
/ /( 9i(ni(x1), my, o, mo)ws(w ™" (&(my, my))) AmpAm, }

+n(%z(;1) fz)w4(log( H(E2 (i), t ))))]Afz

+wi (w (€ (x1,12)) ) az (v, 12 Z/ ! / ¥ it 6,22, &)
xwy(w™ (&t 1)) {ws(w™ (52("1;"2)))
/ /( gi(t, my, to, mp)ws(w ™! (&2(my, my))) AmyAm, }
;Ol Y2 FO?

+ri(ty, t)ws (log(w ™ (& (4, £))))]At] S AL

Equivalently,

€% (1, 12)
wi (w1 (& (r1,12)))
721(?2)

< GQ(U;M)ZVﬁ'(Il)/ [filo (1), mi(x1), 22, 2)

i=1 72i(x02)

X ws(w (52(%(?1) 2)){ws(w™ (& (i), t2)))
/1 / 9i(ni (1), my, o, mo)ws(w ™" (&(my, my))) AmpAm, }

1:(zo1)

+7i (7 (x0), tz)w4(log( HE(mi(n), 0)IAt

y1i(r1)  poy2i(e2)
+az(n, r2) E / / [fi(r1, 6,22, &)
i(x01) vy

2i(x02)

Xwa (w (525t1,t2)>){w3( Héa(t, 1))
/ gi(ts, my, to, mo)wz(w™ ' (Lo (my, my))) AmyAm, }

(w™
t
+ /
i(ro1) Jy2i(

+ri(ti, t) w4 log 62 tlatQ))))]A’tg]A“Atl

Y14 ( y2i(
= az(v, r2) / / [fi(r1, 61,12, &)
i(x01) Y72:i(x02)

X ws (w 1(5'2 (t1, &) {ws(w™ (&b, 1))
/ / tl,ml,tg,mg)wg( (§Q(m1,m2)))Am2Am1}
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+7i(t, ) wa(log(w™ (& (4, &) At Aty ]2,

Integrating over [ro1,r1] and using the definition of &; yields:

’le Fl 721 F2
G1(&(r1,12) < B1(&(ror,r2) + az(n, x2) / / [fi(r1, b1, 12, &)
Y s

1i(x01) < v2i(x02)

xws(w™ (& fhfz))){wa( H(&(t, 1))
/ / gi t17m17t27m2>’w3( *1(£g(m1,m2)))Am2Am1}
Y14 (xo1) V' v24 (ro2)

473 (tr, to)wa(log (w1 (&(t, 1)) At Aty (2.2.28)

For wy(u) > wy(log(u)), (2.2.28) is rewritten as:

v1i(x1)  py2i Xz)
1(&0m5) < Gilai(y, 1)) + as(n, 1) / / gyt 1))

1i(xo01) 21(F02)

X [fi(xe, t, 2, t2) {ws(w™ (52("17"2)))

t2
/ / 9; t17m17t27m2)
714 (xo1) 7 v2i(xo2)

><U)3 (52 (ml, mg)))AmgAml} + Tl(tl, tg)]A{gA{l (2229)

On letting (o(x1,r2) by

v1:(x1) P2 Xz)
Gt = G(ar(n, 1) + az(n. 1) / / &, 1))

14(x01) v v24 I02)

x[fi(x1, t1, xa, o) {ws(w™ (52("17"2)))

t2
/ / 9i t17m17t27m2)
y1i(x01) 7 v2i (x02)
xws(w ™ (Ey(my, ma))) AmaAmy } + 73k, t) | At Aty (2.2.30)

then we have

C2(xo1, 2) = B1(a1(y, 12)), (2.2.31)
and
&1, 1) < 67 (G, 1) . (2.2.32)
= G (En) = aln) Z () / (()) wa (0 (E(i(11), &)

zﬂl) ’le(zil) r2, t2) {ws(w _1(52(’711'(P1)>t2)))

Y1i Xl)
/ / Gi(71:(x1), my, to, my)
71i(r01) 7 y2i(x02)
X’UJ3

L& (my, me))) AmaAmy } + (71 (11), t2)] Aty




35 2.2. Delay Double Integral Inequalities On Time Scales

Y1i Fl) Y24 (IQ

+az(n, & Z/ “H& (b, ) [filen b 22, t)

1i 201) ~2i(x02)

X{w3( 52 tlth / / tlam17t27m2)
714 (xo1) v v2i(ro2)
xwg(w_ (§Q(m1, mg)))AmgAml} + T,‘(tl, tg)]Aig]AnAtl (2233)

Plugging inequality (2.2.32) in (2.2.33), we have
¥2i(r2)

GO () < aa(n,xQ)Z’yﬁ(xl) / ws(w (B (G vm(e)s 1))

v2i(ro02)

o(r1), 71i(x1), k2, t2) {ws(w 1( _1((2(711'(&),{2))))
/’le 1) / ’le(]il) ml,tQ,mQ)

X ws(w 1( C2 my, mg)))) AmaAmy b+ 73 (714 (11), t2)] Aty

Y1i x1) 721(252
a3, 1) / W (B (G (4, b))
=1 v

14 1501) ~2i(x02)

[ filwn, b e, ) {ws(w™H (67 (G (b, 1))

to
/ / gi t17m17t27m2)
Y1i JC01 ~2i(x02)

xwz(w (BT (G (my, my)))) AmeAm, }
+r;(ty, f2)]Af2]AnAf1' (2.2.34)

Using the fact that wsy, w, &, (» are nondecreasing, (2.2.34) become
G () < wa(w (BT (G(rn,12))))a2(n, 52) Y i (r)

Yai (x2)
x / o () malen) g ) s (w0 (67 Gl (11), 2)))

2i(x02)

714(x1)
/'m (xo1) /yzz(m i(72(x1), My, to, ma)
Xw3( ( (§2(m17m2))))Am2Aml} +TZ< ) tQ)]AtQ

i
Y1 (x Y2i(r2)
Fwa(w™H (G7(C(r1,82))) a2 (), 12 Z/ / [fi(xr, b, 12, to)

~1:(ro1) 2i(T02)

x{ws(w™ (&7 (Gt b)) / / gi(ti, my, tp, my)
~1:(zo1) 7 v24(zo2)
X W3 (?Uil(@li (Cg(ml, mg))))AmzAml} + 7"1'({1, tg)]AtQ]An Atl

Equivalently,

CZAFI (?17 F2)
wo (w1 (&7 (G(r1,12))))




36 2.2. Delay Double Integral Inequalities On Time Scales

v2i(r2)

ACRADBEGLS / (o) (en)s 52, )

v2i(x02)

IN

Y14 Fl
x{wz(w™ (&7 (G (i), / / Gi(71i(x1), my, t, mo)
vy 24 (X02

1 FOl

xwz(w ™ (B (G(my, my)))) AmpAmy } + 75(714(k1), £2)] Aty

i (;1) ~2i(r2)

+as(9, ra Z/ [fi(x1: b, x2, to)
2l

14 ( F01) 72i(%02)

x g™ (671 (Gt ) / / gt 1, o, )
Y1i(xo1) Jv2:(xo2)
Xwg(w 1( 1 CZ m17m2 ))AmzAm1} + Tz(tl, tz)]Afg]A“Atl

n

'le 2:1 '721
= az(y,12) E / / [fi(x1, b1, 22, 1)
1 Y7i(ro1) Jy2i(ro2)

=

x{wz(w™ (&7 (Gt &) / / gi(t, my, ty, my)
Y14 F01 Y24 Foz
xw3(w*1(®f (Cg (ml, m2>)))Am2Am1} + Ti(tl, fg)]AtQAtl]An.

Integrating over [ro1, r1] and using the definition of &, yields:

Go(Ca(r1, Iz))

v1i(x1)  prye(x2)
< G3(G(ror,12)) + az(n, 12) Z/ [fi(x1: b, 12, t)
; 71i(xo1) Y v2i(xo2)
Xw3(w_1(®1_1(§2(f1,f2)))){1+/ / gi(t1, my, to, mo) AmpAmy }
Y1i(¥o1 Y2i (%02
+7’1(t1, tg)]AfQAfl
~14(1) ~2i (£2)
< Gy(&1(ar(n,12))) + az(v, 2 Z/ / ri(ty, ) A AY
~1:(zo1) 7 v2:(zo2)

711 721 F2
+as(, x2) / / [fi(x1, t1, 22, ) ws(w ™ (B (G (b, 1))
Y Y:

1i(zo1) 2i(¥02)

X{l + / / gi(tlamlat?va)AmQAml}]AtQAtl
1 (x01) Y v2i(r02)

n e 'Ym(xz) )
= 01(9,12) +az(v, 2 Z/ / filer, b, ko, )ws (w™ (B (G, 1))
=177 v

1i(x01) 7 7v2i(x02)

><{1+/ / gi(t, my, to, mo) AmoAmy JALAY (2.2.35)
~1i(zo1) 7 v2i(ro2

On letting v(zy,12) by

'717, xl 721 zcz
v(r1,x2) = 01(D,22) + asx(n, xo Z/ / filr, 4,02, )
v 5

14(x01) ¥ 724 (x02)

xws(w™H (617 (Gt 1))
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t1 to
x{1 +/ / gi(tr, my, to, mo) AmpAmy AL A(2.2.36)
~1i(ro1) 7 v2:(ro2)

then we have

v(ro1,22) = 01(, x2), (2.2.37)
and
Colr1,12) < &5 (vl 12))- (2.2.38)
A n A v2i (x2)
= v (1,10) = az(n,zcg)Zm(zcl)/ . filo(x1), 1i(xr), 2, t2)
Y24 (X02
X ws(w (G (i(r), 2))))
'le Fl)
><{1+/ / Gi(71i(x1), my, to, mo) AmaAmy JAL,
v1i(x01)  v2i(x02)
'le ZC1 721 162
+as(, 12 Z/ / filer i, x2, t)
~1i(zo1) v y2:(ro2)

xwg(w™ (G (Gt t2))))
t t2

X{l +/ / gi<t1,m1,tg,mg)AmgAml}Atg]AnAtl.
~1i(zo1) 7 v2i(ro2)

(2.2.39)
Plugging inequality (2.2.38) in (2.2.39), we have
A n A ~v2i(x2)
() = a,) me / IR ENN
Y2: (k02
X ws(w (65 (v(1i(r), 1))
'717, Fl to
x{1 +/ / Gi(mi(r1), my, ta, my) AmoAmy FAL
~1i(ro1) J2i(ro2)

Vlz(n W21(X2)
+as(9,12) / fi(rn, 6,22, 1)
i=1 Y7 F01) 72i(x02)

(w™ (&85 (v(t, t2)))))
t t2

X{1+/ / g,-(tl,ml,tg,mg)AmgAml}Atg]A“Atl.
Y1i(ko1 o

2:(¥02)

Xwz(w

(2.2.40)

Using the fact that w3, w, &1, &5, v are nondecreasing, (2.2.40) become

VA (11, 10) < wa(w NS (B, (11, 12)))))
n v2i (r2)

xas (v, ?2)2[73(?1) filo(x1), 11i(x1), 22, t2)

~2i(x02)

y14(x1)
x{1 +/ / 9i(yi(x), ma, t2, mo) Amp Amy JAL
¥ ~2i (ro2)

14(zo1)
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Fwy(w (BT (B3 (v(r1,12)))))

712(;1) v2i(r2)

Xas (1, 2 Z/ filti 6,00, )

~1i(ro1) v v2:(xo2)

x{1 +/ / gi(t, My, by, mo) AmpAmy FAL] 20 Aty
714 (xo1) 7 v2:(xo2)

Equivalently,

VAR (11, 19)

ws(w (G171 (8y 7 (v(x1,12)))))

~v2i (x2)

< az(v,r2 Zvﬁ»(h) filo(x1), 71i(x1), 22, t2)

~2i(x02)

’le 2:1
x{1+ / / 9i(i(x1), mu, o, m) Amp Amy fAL
ol y2i(ro2)

1:(ro1)

14 (21) ~v2i (2)
+as(n, to Z/ / filr, 4,12, 4)
Y:

v1i(xo1) 2i(x02)

X{l + / / g,-(tl,ml,tg,mg)AmgAml}Atg]A“Atl
Y1 (x01) ¥ v2:(x02)

n mi(r1)  py2i(re)
= as(y,12) E / / filr1, 4,00, )
"/11 FOI ’721 FOQ

t1
x{1 +/ / gi(t1, My, to, mo) AmpAmy FAL AL ]
Y1i(Zo1 72i(Z02

Integrating over [ro1, £1] and using the definition of 9, for (r1,r2) € [to1,9]r X To,

we have

(v r2) < Qi(01(9,12)) + aa(n, r2)c(r1, r2) (2.2.41)

Combination of (2.2.24), (2.2.32), (2.2.38) and (2.2.41) yield the desired result
(2.2.20).
For wq(u) < wy(log(u)), (2.2.28) is rewritten as:

B1(&2(r1,12))

< &G ) + al,w) i / e / o (& (6, )
Y1i(ro1) Jv2i(z02)
[ fiwr, tr, 22, o) {ws(w™ (&b, ) /F /x i(t,my, b, my)
X w3 (w ‘1(52(m1,m2)))Am2Am1} + ri( tl:/t;)]At;AZtl
< G 5) + asln. 5 Z [ et )

~1i(ro1) J72i(ro2)
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X[ fi(x1, b, 12, o) {ws (™ (& (b, 1)) / / gi(tr, my, to, my)
“111 ZE01 721 Foz

XWs (w_1(£2 (ml, m2)))Am2Am1} + ’f’i(tl, tg)]AtgAtl (2242)
On going the identical steps from (2.2.30) — (2.2.41), we have

u(rn,r2) < w (GB35 (g (Qa(0a(81,12)) + a2(x1, 12)e(81, 12))))-

Remark 2.2.2 For T = R, wy = 1, pj; = I, fi(t1, 4,12, 8) = filt,ta), ¢: = 0,
Theorem 2.2.2 coincide with [28, Theorem 2].

Theorem 2.2.3 [23] Let the inequalities (2.2.3) and (2.2.4) be hold and under the
conditions (C1) — (C6). If L,M : Ty x Ty x R§ — Ry is right-dense continuous on
T, x Ty and continuous on R(J)r such that:

0 < L(x1,12,u) —L(x1,22,0) < M(x1,12,0)(u—0) foru>0v>0,1<j k<2 ;€T
then

u(r,re) < w (ST (B (Ba(ba(rr,12)) + as(ry, r2){c(r1, r2)

’Ylv Fl ’721 F2
+Z/ / ri(ty, )Mt o, 0ALAL L)), (2.2.43)
Y

v1i(xo1) 2i(¥02)

Proof. Under the condition (C2), the inequality (2.2.3) is rewritten as:

w(u(in ) < aly, ) + o, ) / " / (b))

14(x01) ¥ 724 (x02)

[fz'(zﬁhfl,?mb){wz( (p1i(t1), p2i(ta)))
t1 to
+ / / gi(ty, 0, b, mo)ewa (uu(ns (1), piza(ms))) AmaAm, }
~1i(zo1) 7 v2i(ro2

+7i(t, &)Lt to, wo(u(ty, t2))) | At Aty

provided that (r1,r2) € [ro1, h]r X To for some fixed y € T;.
On letting fg(ﬁh xQ) by

Y13 (x1) Y2i(r2)
Grr) = ai(n,r2) + ax(n, 12 Z/ / u(pi(te), poi(t2)))

71i(ro1) 2i(¥02)

X[fi(x1, b, v2, to) {wa(u(pni(t), pai(tz)))
t1 to
+ / / gi(tr, my, to, mo)wa (u(pr;(my), pro;(ma))) AmaAm; }
~1i(xo1) 7 v2i(zo2

+Ti(t17 tz)L(tl, tg, wg(u(tl, tg)))]AtgAtl, (2244)
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then we have
&3(xo1,12) = a1 (v, r2), (2.2.45)
and

u(ry, r2) < w (&, ). (2.2.46)

On going the identical steps from (2.2.8) — (2.2.10), we have

w(pri(x1), proi(x2)) < w (& (x1,12)) for (x1,12) € [ror, 9] X To. (2.2.47)

From (2.2.44), by [9, Lemma 1.2] we have

v2i(r2)

& (i p) = az(‘)wz)Z’Yﬁ(Fl)/ wi (i (11i(81)), pa2i(t2)))

v2i(x02)

o(x1), 11i(x1), ro, to){wa(u(per; (71 (x1)), poi(t2)))
“/11 ZC1
/ / Gi(mi(xr1), my, ta, my)
~v1i(x01) 724 (x02)

Xwa (u(p1s(my), poi(ma2))) AmaAm, }

+7i(71i(21), t2) L (1), to, wo(u(y1i(r1), t2))) ] Aty
711(?1) 722(252)

Fas(y, Z/ u(pi(ts), pai(t2)))

14 rm) ~2i(x02)

X[ fi(r1, b, xo, to) {wa (w(peni (81), poi(t2)))
t to
+/ / gi(t, my, to, mo)wa(u(pers(my), poi(mz))) AmpAm, }
~14(zo1) ¥ v2i(zo2)
+7”i(t1, tg)L(tl, t2, wg(u(tl, t2)))]At2]AF1 Atl (2248)
Plugging inequality (2.2.47) in (2.2.48), we have
724 (22)

&0 (1,10) = @2(0,?2)27?1-(?1)/ wi(w (& (i), 2)))

724 (ro02)

o(x1), 116(®1); 22, o) {wa(w™ (& (115(11), t2)))
ﬁj [0t
xws(w™ (& (my, m2)))Am2Am1}
(i), ) L), t2, wa(w™ (11, 12))))] Aty
Fao(n, ) Z [ e @t w)

14(xo1) 2i(x02)

X[ fix1, tr, o, o) {wa (0™ (&3t t2)))
t1 to
+/ / gi(tr, my, to, mo)wo(w ™ (&3(my, my))) AmaAm, }
Y1 (xo1) J v2i (xo2

+’I“i(t1, fz)L(tl, tg, U)g(w_l(fg(tl, tg))))]Atg]An Afl (2249)
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Using the fact that wy, w, & are nondecreasing, (2.2.49) become

v2i (r2)
&8 (1,12) < wi(w (&, 2)))as(n, 1 Z’Yh 131 / ( )[fi(U(h),’hi(Zﬂl)aImQ)
Y24 (Xo2
717, Fl
x {wa(w ™ (& (i (x1), / / 9i(71i(x1), my, t2, mo)
~v1i(ro1) v2i(xo2)
xwa(w ™ (& (M1, ma))) AmoAmy } + 1 (71;(x1), t2)
X L(714(x1), to, wa(w™ ' (€3(715(x1), £2))))] Aty
v1:(x1)  py2e(x2)
Fwr (W™ (& (x1,12)))az (), 12 Z/ / [fi(er b, x2, to)
Y14 ZC01 Y24 Poz
x {wo(w ™ (&3(t, t)) / / gi(t1, my, ty, my)
'Yu x01 ’Yzz xoz
Xwy(w ™ (& (my, ma))) AmaAmy }
+T’Z‘(t1,tQ)L(tl,tQ,wg(w_l(ég(tl,tg))))]AtQ]AnAh. (2250)
Equivalently,
357 (11, 12) S /721.(;2)
5 i i s 14 3 at
wr (w1 (Es(t1, £2))) az(y Pz);% (x1) o [filo(x1), 71i(x1), 22, t2)

x{wa(w™ (& (1i(r1), t2)))
16(x1) t2
/7 / Gi(11i(x1), my, ty, my)
~1i(ro1) J2i(ro02)
xwy(w ™ (E3(my, m))) AmaAmy } + 75 (v1(x1), t2)

X L(v1i(x1), t2, wo(w™ (&3 (71i(x1), £2))) )] At

'le Il 721(?2
+as(y, ro Z/ / [fi(z1, t1, 22, &)
7

v1i(xo1) 2i(x02)
X{wQ( 53 t17t2 / / t17m17t27m2>
714 (%01) ¥ v2i(r02)
xwa(w ™ (&3(m1, ma))) AmpAmy }

+rz(t1> t2 tl, tz,wg fg(tl, tz))))]AtQ]AnAtl

yi(r1)  py2i(re)
= as(n,12) / / [fi(r1, 61,12, &)
~1i(r01) 7 y2i(r02)

X{wZ( 53 t17t2 / / t17m17t27m2)
71i(xo01) 72@(1502)
sz(w_ (&3(my, my))) AmeAmy }

it t2) Lt b, wa(w ™ (&5t £2))))] Ata Aty |20
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Integrating over [ro1,r1] and using the definition of &; yields:

v1i(x1)  pye(x2)

Bi(&(mr) € G1(& (k) + as(n. ) Z / e, 1,50 2)

~1i(x01) Y v2i(x02)

X{w2( 53 tlatQ / / t17m17t27m2)
7i(xo1) 7 v2i(ro2)
xwg(w_ (53(1'(11, m2>>)Am2Am1} + Tz‘(tl, tQ)

XLty ta, wo(w ™ (€3(t, 2)))) | A, Ay
'le Il Y2i F2
&1(ai(y,12)) + az(n, x2 Z/ / [fi(z1, 41,12, &)
7

712 FOI 21 ?02

x{wa(w™ (&, 1)) / / gi(t1, my, ty, my)
~1i(ro1) 7 v2:(ro2)

X’LUQ(U)* (53(1111, m2)>>Am2Am1} + Tl'(tl, tg)

X{L(tl,tQ,O) +M<f1,f2,0) ( 53 tl,tg)))}]AfQAfl
Y1ii U) '721 F2
B1(a1(0,12)) + (9. 2) / i)
Y o

1:(ro1) 2i(¥02)

IN

IN

xL(t;, t2,0) AtQAtl

'711 Il Y24 F2
+as(n,12) / / & (L)) [filrn, 12, t)
v 7

17 FOI 24 §02

X{1+/ / gi<t17m17t27m2)Am2Aml}
~1i(xo1) 7 v2i(zo2

_’_rz(th tQ)M(tla t27 )]AtQAtl

Y13 (r1) Y2i(r2)
= b2(9,12) +a2(, 12 Z/ / (ICHY))
v

71i(xo1) 2i(¥02)

X[ filk, t, xo, ) {1 + / gi(tr, my, to, mo) AmoAmy, }
Y24 (¥02

~1i(xo1)

‘|‘7"i(t1, tg)M(tl, tg, 0)]At2At1

On letting (3(x1,r2) by

71i(x1) v2i(x2)
G(r1,22) == ba(,22) + a2(v, 2 Z/ / (ICHY))
ot

Y14 (xo1) 2i(x02)
[fz(?17t17x27t2 {1+ / gi(tl,ml,b,mg)AmzAml}
~1i(r01) 7 v2i(ro2
—f—T’i(tl,fg)M(tl,tg, )]AtgAtl, (2251)
then we have
G3(ro1,r2) = ba(y, 12), (2.2.52)

and

&3(x1,12) < &1 (Ga(x1, 1)) - (2.2.53)
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=G

n ~v2i (x2)
PR () = a2<n,x2>zvﬁ-<m / w6, b))
Y2i (X02
X[filo(x1), 11i(x1), x2 t2)
’711 xl
><{1+/ / gi(mi(r1), my, to, my) AmoAmy }
~1i(x01) 7 72i(x02)

+7i (71 (x1), f2)M(71z(P1) ts, 0)]Aty

tas(n,12) Z / /) (w7 (& (4, )

v1i(xo1) 2i(x02)

X[ fi(r1, 41, 12, t2){1 +/ / gi(tr, my, to, mo) AmeAm, }
Y1 (xo1) 7 v2:(x02)

+ri(ty, t)M(ty, £, 0)] Aty A AL (2.2.54)

Plugging inequality (2.2.53) in (2.2.54), then using the fact that wy, w, &, (3, are

nondecreasing, (2.2.54) become

G°

Br,re) < wQ(w_l( TG, 12)))az(v, x2)
24 (x2)
x an o / iote) ) e o)

v1i(x1)
x{1 +/ / Gi(7i(r1), my, o, mo) AmpAmy }
~1i(zo1) J2i(ro2)

+7i (713 (x1), t2)M(715(21), t2, 0)] Aty

+w2<w71((’5171(€3(2€17X2))))a2<07}32)
n 71i(x1) ~v2i (x2)

X Z/ [/ [fi(x1, t1, 52, t2)
i—1 Y 71i(ro1) Jy2i(ro2)

t t2
X{l + / / gl-(thml,tQ,mz)AmgAml}
Y1i(Zo1 72i(¥02

+Tz‘(t1, tg)M(tl, tQ, O)}AiQ]AH Atl

Equivalently,
C3AX1 (2:17 ;2) /721 (x2)
- < az(,x 71 (81 [filo(x1), 11i(x1), 22, t2)
wQ(wil(ﬁl 1(C3<?:17 x2)))) Z v Y2i(ro2)
'711 Fl
x{1+ / / gi(mi(r1), my, to, my) AmoAmy }
Y14 F01 Y24 (X02

+7i (713 (x1), t2) M(715(21), t2, 0)] Aty

Y1i(r1)  py2a(e2)
+as(9, 12 Z/ / [fi(e1, b, 12, t)
¥

14(xo1) 2i(ro2)

X{l—l—/ / gi(tl,ml,tg,mg)AmgAml}
Y1i(ko1 Y2i (ko2

—l—?“i(tl, tg)M(tl, tg, 0)]At2]AF1At1




44 2.2. Delay Double Integral Inequalities On Time Scales

Y14 Fl) Y24 FQ)
= as(v, r2) / / [fi(r1, 1,12, &)
v v

13(xo1) v y24(ro2)

X{1+/ / gi(tl,ml,tg,mQ)AmgAml}
Y1i(ko1 Y2i (ko2

+Ti(t17 tg)M(tl, tQ, O)]AtgAtl]Am .

Integrating over [ro1,r1] and using the definition of &, yields:

y14(21) ~2i(x2)
G2(G(r1,12)) < G2(Gs(xor,12)) + az(v, r2 Z/ / [fi(r1, b1, 22, to)
¥

Y14 (xo1) 2:(x02)

X{l +/ / gi(tl,ml,tg,mz)AmQAml}
Y14 (ko1 72i(¥02
+T¢(t1, tg)M(tl, tg, O)]AtgAtl

= &y 62 (9,12)) + az(v,r2){c(x1, r2)

y1i(x1)  py2i(r2)
/ / ri(t, ) M(t, to, O)AtgAtl} (2.2.55)
¥ ¥

1i(zro1)  v24(zo2)

Combination of (2.2.46), (2.2.53) and (2.2.55) yield the desired result (2.2.43). O

Remark 2.2.3 For T = R, wy = I = pj;, filtn, b, 00, 8) = fi(t,t), ¢; = 0,
Theorems 2.2.3 coincide with [28, Theorem 3.

Theorem 2.2.4 Let the inequalities (2.2.1) and (2.2.4) be hold and under the con-
ditions (C1) — (C6) fory; € Tj, 1 < j, k <2 such that wy (w™ (&7 (1)) < u, one
has

u(rr, v2) < w (BT (01(x1, X2) €XPyy gy e0)ed (o) (1 T01)))- (2.2.56)

Proof.  On going the identical steps from (2.2.6)-(2.2.12) and from (2.2.12), we have

Y13 (21) Y2i(r2)
G1(&(r1,r2) < bi(rn,r2) +aa(r, 1 Z/ / fi(e, t, 12, t)
v

~1:(ro1) 2i(¥02)

x{ws(w™ (&4, 1)) / / gi(t, my, ty, my)
~14(zo1) J v24(zo2)
Xw2< - (51(“11,1112) AmQAﬂh}AtgAtl

61(51 (}31@2)) /711 r1) /m r2)
Z i) re = f, 10t
51(317?2) +e +CL2 h, b2 Z N x17 1, X2, 2)

71i(xo1) 2i(¥02)

_1 t t
w LY 2(w 51 Lb) / / gi(ty, my, tp, my)
bl(tla t2 + € Y1 (x01) 7 Y24 (x02)

Lol (G m, mo))) AmoAm; YAGLAL (2.2.57)

bl(ml, mz) +€

A
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On letting (4(x1,r2) by

n mi(x1)  poy2i(re)
§4(§1,x2) = 1—|—CL2 Xl,XQ Z/ / F17f1,F2,f2)
=1 Y7 Y

14(x01) v v24(xo2)

wo(w™ (& (4, £2))) / / gi(t1, my, ta, my)
by (tl,tQ +e€ ~1:(zo1) 7 ¥2:(xo2)

><wg(w '(&(my, my)))

by (my. my) + € AmpAmy AL AL, (2.2.58)
then we have
&1, 12) < &7 ((ba(r1,82) + €)1, 12)) (2.2.59)
From (2.2.58), by [9, Lemma 1.2] we have
Y2i(r2)
GO E) = as(n,r th 31 /mm filo(21), mi(x1), 12, t2)

x{w 2(w” (51(711 I), /'m 1)

b1 (71i(21), t2) +€

Xwg(w_l(&(ml,mﬂ))
[] (ml,mg) + €

Y1i Fl Y2i F2
+as(n, ro Z/ / fi(z1, 41,12, &)
7

’712(201 2i(x02)

(t1, 1))
X{w ( 51 B / / t17m17t27m2)
b (tl’ t2 te 71i(x01) 7 72i(ro02)

Xw2(w Y& (my, my)))

bi(my, my) + €

/ Gi(mi(r1), my, ta, my)
~Y2i (X02

1 FOI

Amg Am1 }Atg

AmgAml}Atg]A“ Atl (2260)

Since

n

Y13 (x1) 721(?2)
G1(&i(r1,12)) < 51(?17?2)+a2(lﬂ1,?2)2/ filr, 1,22, to)
177

i 1:(x01) J72i(x02)

x{wa(w(&1(4, t)) +/ / gi(t1, my, £, my)
y1i(xo1) Jy2i( F02)
XwQ(w* <€1<m1,m2>>>Am2Am1}AtzAt1

. Y16 (1) vzl(zcz)
= wa(w (&i(r1,12))) < b1, r2) + az(r1, 12) Z/ filrr b, x2, )
2l

14(x01) v y24(x02)

x{wa(w™(&1(4, b)) / / gi(t, my, to, my)
i(xo1) Jy2i P02)
X'U)Q( B (él (ml, m2 AmzAml}A’chtl

— wz(w_l(&(ﬁ,xg))) 714(x1) '722(}32)

1 : b, 2, t
b1(D,52) + € = + as(xr1, 12 Z/ filr, 12, &)

’le(;rm ~2i(x02)

t ,t
X{w ( 51 b2 / / t17m17t27m2>
by (t1, t2 +€ 71i(ro1) Jv2i Foz)

A
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Xwg(w‘l(fl(ml,m2)))

AmoAmy fALAL
bl(ml,m2)+e 2 1} 2=
= Glr, 1) (2.2.61)
From (2.2.60) and (2.2.61), we have
A n A y2i(r2)
oM (1, r2) < Galrnr2)as(n, e Z%i(?l)/ filo(x1), mi(r1), 22, t2)
y2i (ro2)
714 (x1)
1+/ / 9i(i(x1), ma, f2, mo) Amp Amy ) Aty
713 (ro1) 2 2602)
Y1i xl 721 FQ
+Ca(r1,22)az(9, 12 Z/ / filer b, x2, )
Y14 ;Ol ’721 I02

X(l + / / gi(tl,ml,tg,mg)AmgAml)Atg]A“Atl
~1i(x01) 'Y2z o2)

’le Fl "121 Fz
= G(r1,12)a2(n, 12) / / fi(r1, 4,12, &)
1 Y7 Y

1= 1% IOI 2% IO?

t t2
X(l + / gz(tl,ml,tg,mg)AmgAml)AtgAtl]A“
~1i(ro1) 7 v24(ro2)
= G(r1,r2)an (U,IQ)CA(M,@)-

By Lemma 1.5.5 we have

Ca(r1,82) < XDy 1a)ea sz (F15 F01) (2.2.62)

Combination of (2.2.8),(2.2.59) and (2.2.62) yields:
u(pr, r2) < w H(S7H((b1(x1,52) + ) XDy (n,12)e (e2) (15 F01))) (2.2.63)
letting € — 0, yields the desired result (2.2.56). 0

Corollary 2.2.5 [25] Let the conditions (C1) — (C6) for 1 < k < 2 be satisfied, if

g1 > ¢ > 0 and € > 0 are constants such that:

ql ’le(‘rl) 722(?2)
u(r1,12) < €4 E / / u® (a1 (t1), poi(t2))[fi(x1, t1, 12, to)
1 — 92 T Jyi(or) Jy2ilxo2)

t1 to
x{wa(u(pi(ty), M2i(t2))>+/ / gi(t, my, tg, my)
71 (x01) / 72i (202
Xwg(u(,uu(ml), 24 (mg)))AmgAml} -+ Ti(tl, tg)]AtgAtl (2264)

for (r1,x2) € Ty x Ty with the initial condition

u(ry, r2) = a(r1, 12), I € [p1,ror]T or r2 € [Pa, Lozt ;

(2.2.65)
(i (x1), poi(r2)) < Ve, pi(x1) < xor or pgi(z2) < roo,
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then

u(rn,r2) < TR/ 9 (91(01(x1,12)) + ¢(x1,12)) for (x1,12) € Ty x Ty, (2.2.66)

provided that:

_ [ Ap 7 (00) —
H1(v) == /;01+1 . p— for $1(o00) = o0,

_ a1—az yi(x1)  py2i(e2)
b1(r1,12) ;=€ @ / ri(t, ) At At
v

1i(xo1)  v24(zo2)

Proof. On letting &, (x1,12) by

_ Y13 (x1) Y2i(r2)
£ (t1,12) = C+ / u® (p13(t1), poi(t2))[fi(x1, b, 22, t2)
Y:

41— QQ 1i(xo1) 72 (ro2)

s {ws (i (1), () + / / gt b, m)
71i(xo1) J v2i(x02)
Xwg(u(uu(ml), ugz(mQ)))AmgAml} + Ti(tl, t2)]At2At1, (2267)

then we have

& (o1, r2) = €, (2.2.68)

and

u(ry,52) < 4/& (0, x2). (2.2.69)

If f11:(x1) > xo1 and po;(x2) > ro2, then

U(Mu(h) ,U2z ZC2 \/51 ,U1z 251 Mzz(ZEQ)) E1(I17I2)~ (2-2-70)
If pyi(z1) < o1 or paoi(re) < rog, then

u(p1i(r1), p2i(r2)) = @(p1i(rn), pai(r2))
< Ve< R/ (1, 12). (2.2.71)

From (2.2.70) and (2.2.71), we have

U(Mu(h)yﬂzz‘(xz)) <3 51(2&7?2)7 (2-2-72)
and hence
_ An ¢ n A ~2i(r2) “
& () = > n) u® (i (1i(x1)), p2i(t2))
1 — 92 Y2i(x02)

X[ fi(o(x1), v1i(x1), v2, to){wa(u(pai(71i(x1)), p2i(ta)))




48 2.2. Delay Double Integral Inequalities On Time Scales

Y14 (x1) to
/ / Gi(mi(x1), my, tp, my)
Y1i(x01) 7 72 (x02)
Xwa (u(pi(my), pai(mz))) AmgAmy } + 7(714(21), t2)] At

n

¢ 7i(x1)  pr2i(ee)
+ Z/ [ u® (pa15 (t1), pi2i(t2)) [ fi(x1, 1, 22, to)
N — Q@ i=1 Y mi(zo1) y2i(ro2)

t1 t2
X{w2(u(ﬂli(t1)7MZi(t2)))+/ / gi(t, my, £, my)
~1i(xo1) 7 v2:(x02)

XWso (U(Mh (ml), Mgz(mg)))AmgAml} + T’i(tl, t2)]At2]AI1 Afl

(2.2.73)

Plugging inequality (2.2.72) in (2.2.73), then using the fact that &, is nondecreasing,
the equation (2.2.73) become

—_ A ¥2i(r2)
& " (r1,12) < ZC1 L2 Z%z 131 / [filo (1) i(x1), 22, t2)
q1 — q Y2i(xro2)
14 (21) )
x{wa( R/€ (i), t2)) / / 9i(71(x1), My, tz, my)
~1i(zo1) J2i(xo02)
xawy( R/ € (my, ma)) AmaAmy } + 7 (1i(11), t2)] Aty
Q-2 n 7i(r1)  py2i(r2)
+ €1q1 (?17?2) / [ [fi(xlath??)tQ)
91— a2 ; 714 (201)  v2i(ro2)
t1 t2
x{wa( % &ty t)) / gi(t, my, to, my)
~1:(zo1) 7 v2:(zo2)
Xwg( q{/ 51 (ml, mg))AmgAﬂh} + ’I“Z'(tl, tz)]AtQ]AHAtl.
Equivalently,
= An .
£ (e 72:i(2)
# < A~(ZC1) [fi(o(x1), 7i(x1), k2, t2)
f (3317p2) 72i(ro02)
~14(21) t2
x{wa( ¥/ & (nilr), t2)) / / gi(715(x1), my, ta, my)
~1i(ro1) J2i(ro02)

Xwg( qﬁ—/ fl (ml, mQ))AmgAml} + ’l“i(’}/li(xl), fg)}Atg

@ n yi(e1)  py2i(e2)
+ Z/ [ [fi(xhtl’x??tQ)
¥ it

N = 92 T JyaGor) Jy2i(xo)

- t to
Aus(Yame s [ [ gmem)
16(xo1) Y724 (x02)

71i(
X'lUQ( qﬁ/ El (ml, m2)>Am2Am1} + Ti(tl, t2)]At2]AF1 Atl (2274)

By Theorem 1.2.9, we have

_ Ar
q — 491—9
( g, @ (zcl,h))

q1 — 42




49 2.2. Delay Double Integral Inequalities On Time Scales

— An t_ N _a
= & ’ (Xh?Q)/ {& (21, v+ hpe(r, 12)&4 ’ (r1,12)} adh
Ary

Alil
_ 51 (x1,12) /{1+h,u F1,I2)£1 (31732)}—adh

g ql ;1 ;2 &1 (?17?2)

— A L) -2 41
£, (11,1) y {1+hu(zc1,zc2)—lgl(n,m) }oa

— 42

& (r1,12) p(xn, rz)gl(—(‘“”)(l - &)

r1,x2)

0

An {1+u(;1,x2)¢ Tt o1
_ & () RFCE (2.2.75)

51‘“ (r1,22) M(}ih?z)ﬁ(l— )

By Theorem 1.5.6 for EIAH > 0, we have

G o 2 A ElAM(FhFQ)
&1 ()™ < gt (2.2.76)

q1 — (42 gl q1 (?17 x2)
From (2.2.74) and (2.2.76), we have

~2i(x2)

- 21%(21722))&1 < Z’le Il/ [filo(x1), 1i(x1), 02, t2)

N ¢ 91— 4275 72i(%02)
x{wa( R/ & (i), &2))

Y14 (21) to
/ / Gi(11i(x1), my, to, my)
~Y1i(zo1) 7 v2i(zo2)
X ws( qi/ fl(mla mo) ) AmaAmy }+ 73 (71:(11), t2)] Aty

0 n y1i(x1)  py2i(e2)
+ Z/ [ [fi(x17t17x27t2)
Y it

N = 92 T JyaGor) Jy2i(xo)

— 4 to
x{wa( 51(t1>f2))+/ / gi(t, my, to, my)
71i(x01) 7 v2i(r02)

Xw2( m AmgAml} + Tz(th t2)]At2]AI1 Aty

’le Q:l 721 212

= fz ?17t17I27t2)
@1 — q? 7i(x01) Jv2i(xo2)

X{wz(q Zl(t17t2))+/ / gi(t17m17t27m2)
Y14 (x01) 7 Y24 (x02)

Xwg( q{/ gl (ml, mg))AmgAml} + T’i(tl, tg)]AtgAtl]An .

Integrating over [ro1,r1], we obtain

ql _ 917492 ql —_ 91792 ql
&1 (1,12 < &1 (ro1,r2) +
q1 — 42 Q1—QQ q1 — q2

712 722 FQ
/ / tl, tg AtgAtl
~1i(zo1) 7 v24(zo2)
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Y1i Fl) Y21 FQ)
/ 221,"1,232,’(2)
,7

Q1 - Q2 ~1i(xo1) v 2i(ro2)
x{wa( %/ 21(751, ta)) + / / gi(t,my, to, my)
~1i(x01)  v2i(ro2)
XU]Q( 51 (ml, mg) AmgAml}AtgAtl
_ 91—4a2 ql q2 'le 727, FQ
= 51 “ (;17;2) S / / tl,tg AtgAtl
713 (x01) 7 v2i(x02)

Y1i Fl Y2i FQ
/ / fi(r, 6,12, &)
~1i(zo1) 7 v2i(zo2)
— t2
x{wa( R/ &1 (1, t2)) + / / gi(t, my, to, my)
Y1 (xo1) ¥ Y2 (x02)

X ws( qi/ 51 (my, me)) AmeAmy JALAY
_ v1i(x1)  pryei(x2)
- U 12 +Z/ / (;17t17;2at2)
it

~1i(zo1) 7 2i(x02)
x{wa( qi/ &, ) + / / gi(t, my, tp, my)
~14(zo1) J v24(zo2)

><w2( q{/El(ml,mz))AmgAml}AQAtl (2277)

On letting Z1 (r1,22) by

_ Y13 (x1) Y2i(r2)
Ci(r,r2) = bi(y,1r +Z/ / fi(e, b, 12, t)
:

~1:(ro1) 2i(¥02)

x{wa( /& (b, 1)) +/ / gi(t, my, tp, my)
v1i(xo1) 7 v2i(ro2)

X wa( qﬂ/E1(m1,m2))Am2Am1}A{12Af1, (2.2.78)

then we have

Cy(xo1, x2) = b1(n,12), (2.2.79)

and

51(2%?2) St ”(?1,&) (2.2.80)

From (2.2.78), by [9, Lemma 1.2] we have

~2i(r2)

G () th 3 / Fi(o(00), (), b2, ) {wa( §/& (i), 1))

72i(202)

~1i(r1) t2
/ / gi(71i(x1), my, t, my)
~1i(zo1) J72i(r02)
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><w2( qﬁ/ E (ml, mg))AmgAml}Afg
y14(x1) Y2 (x
+Z/ / filtn, t, 12, to)
-

~1i(ro1) 2i(¥02)

— t2
({8, (1, 0)) + / / gi(t, m, b, ma)
1i(x01) 7 72i(xo2)

Y14 (
X'wg( qﬁ/ El (ml, mQ))AmgAml}Atg]A“ Atl (2281)

Plugging inequality (2.2.80) in (2.2.81), then using the fact that w,, {; are nonde-

creasing, the equation (2.2.81) become

N Y2i(r2)
G n(?h?z) < wy( M qf/ (x1,22) Z%z 91 / filo (1), 1i(x1), 22, t2)

~2i(ro02)

’le(h
x{1 +/ / 9i(71i(x1), my, to, mo) AmaAmy AL
¥ 721(1502)

14 (x01)

Y1i(x1)  pyes(r2)
Fwa( " q 1 (21, 22) Z/ / fi(r1, ta, 12, t2)
¥ ¥

14(ro1) 2i(r02)
X{l + / / gi(tl,ml,tg,mg)AmgAml}Atg]A“Atl.
~1i(zo1) 7 v2i(ro2)

Equivalently,

= An )
C L,z Y21 (22
L) th 1) filo(x1), 7i(r1), x2, t2)

wa( qliqf/ ¢ (x1,12)) 72:(s02)

Y1i Il
x{1 +/ / gi(mi(x), ma, o, mp) AmpAmy AL
~ ~2i (ro2

1:(ro1)

~14(21) i (x2)
S e
i=1 Y 7i(zo1) Jy2i(ro2)

t1 to
X{l + / / gi<t1,m1,tg,mg)AmgAml}Atg]AnAtl
~1i(ro1) 7 v2:(ro2

n 7i(21)  pr2i(ee)
= Z[/ / fi(x1, b, 82, &)
i—1 Y 71i(zo1) Jv2i(ro2)

(2

t1 to
x{1 +/ / gi(tr, my, to, ma) AmoAmy FALAY ]
714 (z01) v v2i(ro2

Integrating over [ro1, r1] and using the definition of £,

7i(x1)  poy2i(re)

91 (G ) < 91 (G (rors ) +Z/ fikr, b, 52, t)
s

15(xo1) v y24(xo2)

t2
X {1 - / / gi(t, my, fzam2)Am2Am1} At AL
~1i(x01)  v2i(ro2)

= 91 (b1(n,12)) + ¢(x1,12) (2.2.82)




52 2.2. Delay Double Integral Inequalities On Time Scales

Combination of (2.2.69), (2.2.80) and (2.2.82) yield the desired result (2.2.66). O
Letting T = Z, form Theorem 2.2.1, we easily establish the following result.

Corollary 2.2.6 [29] Let u,r;,a; : Ay x Ay — Ry and fi, g;, Ar1 fi - A2 x A2 — R{
be nonnegative real valued functions defined on Ay x Ay and A? x A2 respectively,

with a; is nondecreasing in each variable; let v;; : A; — R be nonnegative and

nondecreasing function defined on A; with v;;(x;) < tj; let a: {—py;,---,—1,0} x
{=pai,--+,—1,0} — R§ be nonnegative function defined on {—py;,---,—1,0} x
{=p2i, -+ ,—1,0} and —oco < p; = inf{min (r; — p;i),x; € A;} < 0; let w and w;

are as defined in Theorem 2.2.1.

If u(x1,x2) satisfies the following discrete inequality

n Y1) —1y2:(x2)—

w(u(r1,r2)) <ai(r1, r2) + az(r1, 12 Z Z Z wi(u(ty — pi, ta — pai))

i=1 t1=v1;(0) t2=">2:(0)

2 -1
X[ fi(x1, tr, 22, o) {we(ults — p1iy ta — pai)) + H Z gi(t1, my, tp, my)
=1 my=-;(0)
xwg(u(ml — P1i, M2 — sz)>} + Ti(tl, tg)] (2283)
with the following initial condition
’iU(U(Fh&)) = a(r,22), 1 € [p1,0] orxa € [p2,0] ; (2.2.84)
a(r — priske — p2i) < ar(rn,r2), 1 < pu, or 2 < pa,
then
u(r1, r2) < wfl(ﬁgfl(ﬁgl(ﬁ:a(f’l(h,?2)) + as(r1, 12)¢(x1,12)))), (2.2.85)
provided that
n i) —1y2:(x2)— -1 t—1
c(r1,x2) == Z Z Z fz I, b, Xo, 62)( Z Z gi(t,my, to,my)).
=1 t1="1,(0) t2="2:(0) my=21,(0) ma=2;(0)

n Y1) —1y2:(x2)—

(?17222) $o(a1(x1,12)) + az(r1, 12 Z Z Z it t2).

=1 1= 711(0) to= 721(0)

= ‘—dp or $a(00) = 00
220 = [ gy Jor (o) =

= ) dp or x0) =00
9= [ gy =
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2.3 Fractional Integral Inequalities On Time Scales

Throughout the discussion, C(H, D) represents the class of all continuous functions
defined on a set H with range in the set D. Let R be the set of real numbers, T be an
arbitrary time scale, R the set of all regressive and right dense-continuous functions,
R ={peR:1+u®pt) >0, te T} [w,w] CR, Ty = [wo,w]r, D}, the

Riemann-Liouville fractional A—derivative of order a > 0.

Definition 2.3.1 [2/] Let f : T — R is right dense-continuous on T and a > 0,
then a— Delta integral of f is defined as:

/ flw) (Aw)* =T(a + 1)/ ho-1(s,0(w))f(w)Aw.

0 0

In particular for T = R and « € (0, 1], the above definition coincides with [15, De finition 4.1].
Definition 2.3.2 [2/] Let ¢ € N, ¢ > 1 and {11, 72,...,7,} a set of linearly in-
dependent time scales monitored by classical time scales T. Let f : Tg — R™ be

rd—continuous on T¢ defined by f(s) = f (11(s), 72(5), ..., 74(s)) . The A—multi-time

scale integral of the function f over an interval [sg,s]r C Ty is defined as:

5 q
1)) = [ tw)sw =3 (Ei)e)

50 i=1
provided that:

S

1)) = [ fwanw). 1<i<

)
In particular for T = R, the above definition coincides with [20, De finition 3.2].
Definition 2.3.3 [24] Let W : [0,s]t x ¥ — R denote the canonical real valued

Wiener process defined up to time s > 0 and X : [0,s]r x ¥ — R be a stochastic

process that is adapted to the natural filtration G of the Wiener process. Then

(/OﬁXtAWt>2 =F [/OstAt} .

In particular for T = R, the above definition coincides with definition of Ito—Isometry.

E

Theorem 2.3.1 [2/] Let r,g; : Ty — R*, 1 < i < 3, be nonnegative, right dense-
continuous functions which are defined on Ty. Moreover, let g;(t), 2 < j < 3, be

nondecreasing and bounded by a constant M > 0 such that:

r(1) < 1(1) + 92(8) Inwer®(x) + g3(x) IR v (x), 1 € Ti. (2.3.1)
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Then, for d; > ds > 0; a,& >0; r € Ty; 0,9 € N,

(o) < J Oo > (D)atvtsite (265 ) B, ea

0 9=0 1

provided that:

sdl) {5 = 20)92(8) + ha(z. 0)ga(0)}

Proof.  On letting s1(xr) by

s1(2) = g1(x) + 92(©) awer®(x) + g3(x) I3, 7™ (@), 1 €Ty (2.3.3)
Then we have
r(x) < Vs (x). (2.3.4)

Plugging inequality (2.3.4) in (2.3.3) we have

do d72

s51(1) < 91(x) + g2(0) Lawesi' (x) + g3 () IR 051" (2) (2.3.5)

From (2.3.5), by Lemma 1.5.4 we have

dy  d2=1 dy —dy 42
90 < 00+ (G 10+ P

dy  d2—d dy —dy d2
+g3(X)IZMO (d—2£ dq 51(;)_1_ 1d 2€d1)
1 1
~ dy  d2=d
= Gi(r) + d—lf T ) g2(0)Iawes1(x)
dg do—dy o
+ d—lf W) g3(r) 7,51 (x) (2.3.6)

Consider

do—dj

d dy do—d
A,0(x) = (d—jf g )gz<x>fA,wo¢<x>+ (d—jg 0

1) g3()I7 ., #(x), €Ty,

for right dense-continuous function ¢, then in this case (2.3.6) is reshaped as:

s1(1) < ) W (x) +Als1(r) (2.3.7)
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We claim that the following inequality holds:

1

0 0
0 _ do d2—d; o
Afs1(r) < Z (19) g5 " (¥)g5 (x) (d—2€ a1 ) Izjwoﬁwsl(x) for some 6 € N. (2.3.8)
9=0

The proof follows the induction criteria on #. For # = 1, the result trivially holds.
Suppose it holds for some # = m. Furthermore, if ¢2(z), g3(r) are non-negative and

non-decreasing, then, for § = m + 1

A s1(r) = WATs1())

" m\ [dy dedr Sy dpdr v
& () (e 0i0)” (e 0)

=0

IN

dy d2—di —94m
‘ {d—jg R () T T2 (1)

do

dy  d2—d 94m
R TCL I sl<x>}

™ dy 2=ty Iy 4y !
- () (L) (L )

=0

e m m do da—d; m—1
X Inwo TR0 ™1 (k) + Z <19) <d—j§ a 92(?))
9¥=0

d2 da—dy v+l da—1I9+
(PO 00) LI
1

m dy do—di mt . /m _
= (0) (d—jf @ gz(x)) IZ‘LE&(?HZ(ﬁ)gS‘ ()
9=
1

1

dy  d2-d e 9 Ya—09+m+1 . m m—yJ+1
X d_é “ 93 (X)[A,wo Sl(?) + Z o—1 |92 (F)
9=1

1

dy 22— e 9 da—d+mt1
X d—lf o 93 (B Ix%, s1(z)

+(ff) (j—g gg@)mﬂ I s (x)
- ) () o () 0)
v=1
o aalt) (j—jfd%fl)mﬂg&x)&mﬁ”“smx)
+(‘§}) (j—g gg<x>)mﬂ I8, (1)

which is no more than inequality (2.3.8) for 6 = m + 1.

We further, claim that A%s;(x) — 0 as § — oo. Consider

0 dy d2—d; 0
Jo(x) =) (093”9(;)9?(;) (d—2£ 7 ) 120751 (x), £ € T (2.3.9)

0
9=0 1
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Case-I: For av € (0,1), let (9 = Yo — 9+ 6+ 1. Then ((y) is a decreasing sequence
n [0,0] over ¥ € [0,6]. It may be easily seen that max((y) = 6 + 1; min(¢y) =
fa + 1. Furthermore, for a fixed «, there exists a large enough 6, such that for
any 6 > 6y, we have 6 > é So, the sequence satisfies (y > 2 for ¥ € [0,6]. Let
M) = sup{si(7): 7 <y, r € Ty}. Then, without loss of generality and by [4,

Theorem 4.2], the equation (2.3.9) can be rewritten as:

0 0o 9 dy de_dl 0 (x_wo)ﬂa—ﬂ-&-e )
el m 2.3.1
0 (19>92 (r)gs (x) (dlé (zc)Fwa_ﬁwH)\ 3.10)
)ﬁa—ﬂ—i—@

2 (Z) 95 (®)95 (x) (2—?5 deIdl)e (p)F o)

F(?;(i_) 1 (%fdzdl[h) {(z —wo)ga(x) + (x — wo)agg(;)}‘?

M(x) dy
Ffa+1) [dl£

NE

Jo(r) <

53
> |

IA

< {(W —wo)g2(r) + (w — wo)%ga(x) }

Since go(x), g3(x) are bounded and I'(Aar + 1) is growing rapidly for sufficiently large
0, so Jp(r) — 0 for sufficiently large 6 and hence, 2{s;(x) — 0. In this case, the

inequality (2.3.7) is reshaped as:

Sl(zc)éiza:@)gg‘ﬁ(x)g ( 2_1) IR (2.3.11)

) hﬁa 940 ﬁaw())

£.(x0) = ii(g)g?ﬁ(x)g (

0=0 ¥=

0
— ((dy  d2 S dy 2—a Y
< Z <d—1§ T g3(r) ) hoa (B, wo Z( ) (— “ 92(25))

0=

dg—dy i do dz dy o=v
1 g3(x) ) hya (B, wo Z < ) (— “ g2(2¢))
0=

(5 _ wo)e—ﬁ

(0 —9)!
d > .
i) S3(17)

p=0

d2 do—dq b

X (d—§ 4 92(?)(5—000))

1

— AF,, (2
st (26
do—d deo —
AFoz 1 @ 2d1 leﬁaw(] €xXp ﬁé‘ 2d1
’ d Oédl

A
Mg
VN

Iﬁ

1 M(5 wo>)
= £, (M;0), (2.3.12)

IN
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provided that

<19+p> _ (@+p)
¥ V! p!
@W+p@+p-1---(@+1) _ 1

— (p—va)p—va-1)---(1—-va) ~ o (2.3.13)

To prove the finiteness of the right hand side of (2.3.2), consider

L.(gisx) = ii() g5 (x) (gjé e ) RS (x)
< a3 () (Z—if”dl“)e
XIAwo( Awo (hoa—s+o(x,wo))) g1 (x),
hence,

£.(9158) < Gi(1) + 1a,w0 91 (£) Daw (£:(M; 1)) .

A—Mittag-Leffler function A F, 1 is an entire function and the exponential function,
exp(xr) is "uniformly continuous® in r; both h,_1(r,wp) and §;(r) are right dense-
continuous for ¢ € Ty. Therefor £,(g1;1) < co. A combination of (2.3.4) and (2.3.11)
yields the desired result (2.3.2).

Case-1I: For a > 1, let ny = Ja —19+6+ 1. Then (ny) is non-decreasing sequence on
[0,0] over ¥ € [0,0]. It may be easily seen that max(ny) = 0a + 1; min(ny) =60+ 1

and 1y € [2,00). Moreover, from inequality (2.3.10) we have
0 _ do do—dy
( 19> 957" (1)g8 (x) (d—2§ n
‘ 1

o (g> 95" (x)g3 () (j—jﬁ s ) 0 m(z) & _F‘(”e“fal_;”

M(r) [d2
Fe+1) |d

(2: _ wO)ﬁa—ﬁ+9
> M) Sga— o707 D)

M=

Jo(r) <

<
@ |l

IN

0
< T {(w = w0)ga(z) + (w — Wo)agia(F)}} :

Since ¢2(z), g3(r) are bounded and T'(6 + 1) is growing rapidly for sufficiently large
0, so Jg(x) — 0 for sufficiently large 6 and hence, 2¢s;(r) — 0. Again, in this case
the inequality (2.3.7) reduces to inequality (2.3.11). Further,

C(sp) = iz ()t ato (G 1)6hﬁaﬁ+e(5,wo)

1

—0
do o+
< aAFun (d_l @ 93 5,000) Zp'( 9 p)
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dy do—d1 P
(G )5 - )

1
Oédg d

d—lf

do—

M, ﬂ,wo) exp (

d
S AFa,l (d_j£
= £2(M; ﬁ)>

M8 wo>)

provided that

(19—119”3) - 0919?]5)!

Wrp@+p-1--- @0+ _ ,
p=Dp-5-1)--01-2 "

Repeating the same steps as in Case-I, the finiteness of the right hand side of (2.3.2)

can be proved. 0

Remark 2.3.1 For T=R; dy =1 =dy; a € (0,1); wo = 0; g3(xr) = g(x)(),
Theorem 2.3.1 coincides with [27, Theorem 2.1].

The following result is the discretization of the Theorem 2.3.1.

Corollary 2.3.2 [24] Let g;, 1 <i <3, and r be non-negative real valued functions
defined on Ny. Furthermore, if g;, 2 < j < 3, is nondecreasing and bounded such
that

(1) < gi(x) + g2(x) At 72 (1) + g3(x) A" r™(x),  reN,.

Then, ford; >ds >0, £ >0, n €N, r,0,9 € Ny, we have

EEE S (Z) B e o) (j—s) A5, (0),

1

92(x) = 1) + ( a fdl) {zcgz(x) + mgs(zc)}-

Theorem 2.3.3 [24] Let the conditions of Theorem 2.3.1 be satisfied, for dy > 1.
Let L : Tyx R™ — R™ be nonnegative, right dense-continuous on Ty and continuous
on RT, with 0 < L(x,r) — L(z, s) < K(r —s) forr > s >0, where K is the Lipschitz

constant such that

rf (1) < g1(0) + 92O Iaw L (17@) + gs@) 8 L (1 7(x), r €Ty (23.14)
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Then

o 60 1 dy 0
) < J S (5)a wae (F¢) murvne, @3
¥

0=0 ¥=0

provided that

B = 00+ w0l (12 )

di—1,
+93(0) 1A oy L (zc, 1d1 i/g)

Proof. On letting the right hand side of (2.3.14) by s5(x), we have

r(r) < /sa(r)- (2.3.16)

Further,

$2(2) < g1(x) + g2 (1) [ awo L (zc, d{/sz(I)) + 93(1) 13 o, L (;, ‘ 52(;)) (2.3.17)

From (2.3.17), by Lemma 1.5.4 we have

1 14 dy —1
SQ(?) < ¢ (;) + gz(}i)IA,woL (X, d_1§ dy SZ(?) + 1d1 d{/%)
1-dy

ay dy —
+93(X) 1A oy L <g, dif i so(r) + ld—l dvg)
1 1
Ly dy —
= 0l0) + )T {I (5 7€ a0+ P )
1 1
() o1 )
1 1
+3(1) IR o {L (zc, dilfldflsQ(zc) - dld: ! d</§>
-1 (;, dld_ L d{/E) +L (;, dld_ L d{/&)} (2.3.18)
1 1

From (2.3.18), by Lipschitz continuity on L we get

52(23) < 91@) + gg(}f)IA’wO {dﬁlgldfl&(}:) + L (F, dld: 1 dvg) }

IC 1-a4 di —
+a3(0) 18, {d_lg T sy(x) + L (zc, 1d1 1 VE)}

5® < @)+ (dﬁa) 9265 o 52(0)

; (dfg) gs(6)3. ., 52(0). (2.3.19)
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Consider

1—dy 1—d;

B00) = (€7 ) 00 + (€7 ) 013,000,

for right dense-continuous function ¢(g) such that ¢ € T;. Then, in this case (2.3.19)

is reshaped as:
s2(r) < ga(r) + ™Azs2(r)

Iterating the inequality for some 6 € N, one has

9—1
So(x) < ngf}s(ﬂ + A5y (x)
9—0

We claim that the following inequality holds:

0

1—ay \ ?
Asal) < 3 () ot @ablo) (€ ) 18 s

=0

for some 6 € N. This can be proved by following the parallel steps beyond the
inequality (2.3.8). Ultimately, we get the inequality (2.3.15). O

Remark 2.3.2 For T =R; wy =0; ¢2(x) =0, Theorem 2.3.3 coincides with [10,
Theorem 2].

Corollary 2.3.4 [24] Let g;, 1 <i <3, and r be non-negative real valued functions
defined on Ny. Let L be non-negative real valued function defined on Ny x Rt such
that 0 < L(x,r) — L(z,s) < K(r — s) forr > s > 0 and K > 0. Moreover, if g2(r)

and g3(x) are nondecreasing and bounded such that

(1) < g1(x) + g2(1) A 'L (2, 7(x)) + 93(x) A0 "L (r,7(x)) , t € Ny,

then, ford; > 1, £ >0, n €N, t,0,9 € Ny,

r(r) < % ii (g) 95" (1) (x) (dﬁli 1551)9% I 0g4(p),

provided that

N}l
iy
—~
=
N~—
Il
Na}
=
S
=
S~—
+
Ne
(&)
s
=
N—
>
o
—
=
N\

di—1,
)
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Theorem 2.3.5 [24] Let the conditions of Theorem 2.3.3 be satisfied. Moreover, if
g1 1s non-decreasing; g4 : Ty — R is nonnegative and right dense-continuous on

Ty, with dy > dy > 1 such that

r @) < 01(0) + 920 aw L (5 7(x) + g3(0) 18 4, L (8,7 (x)

e 9a ()1 (x), ¢ € T (2.3.20)

then

X & 0 IC 1-4y 0
1 ZZ (0)92,?9(;)923(?) (d_1§ 4 ) ]ZawOﬁ+0§5(ZJ) (2.3.21)

provided that

B0 = 000+ el Tsl (5 )

dy —1
+93(x) 1A o, L (x, T d%/f)

di —
B L ().
1

Gaj(r) = e dady (r,wo) g;(x), 2<7<3.

d.
d? 13 L g4

+

Proof.  On letting the right hand side of (2.3.20) by s3(x), we have

r@) < V). (2.3.22)

Further,

550 < 010) + 00 Iawl (v V5s0) + 050713, (1 Vsl

+17094(x) (s3(x) (2.3.23)

From (2.3.23), by Lemma 1.5.4 we have

sl < m@y+m@ﬂAwL<g—fdl&<>+d“‘1w€)

)
=)

+93(2) 1A o L (Pv —5 @ 53(

1A w {94(2) (Z R sy(p) + 2ed } (2.3.24)
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From (2.3.24), by Lipschitz continuity on L we obtain

83(?) < 91($> + gg(X)IA’wO {dﬁlgldflS?,(x) +L (F, dld: 1 d%)}

C 1= dy —
+93(2)I7 {d—lf W s3(r) + L (x, 1d1 ! di/E)}

dh

—dy 2
d 25(1? I w94 (1)
1

d2 do—dy
= 3(2ﬂ)+d—1£ T Inwo9a(r)sa(x), 1t € Ty, (2.3.25)

do d2—d;
+d—2§ U IA e 9a(T)ss(x) +
1

provided that

30) = g1() + g2 aw {6%1‘15183(@ +L (;7 dld: ! d%/?)}

K =4 d—1,
Faa®)3, {5l + L (8 ) |
dy —

1

+

dy 2
¢ In w,94(x).

From (2.3.25), by Theorem 1.2.7 we have

r do do—d
5() < 30+ [ e, ma (wol)3) P gilw) A0
B S gy
r d2 do—dy

<30+30 [ ¢, aa @) P e 2320

wo dl 5 4 g4

From (2.3.26) by Theorems 1.2.8 we have

2¢ 41 gy

s3(t) < 3(x)+3(x){ed da—dy (zc,wo)—edzsd%dl (m)}
as oo

= 3(x) +3(v) ( dy—dy (T, wo) — 1)

d
d? 13 4 94

= 3(F)e,, ma (Bw0)

194

and hence,

o)
=
A

d2§ 1 g4

dy — dy
+1 (1 2 E) b+ ., {6500
1 1
o o 240

91(x) + g2(8)1awp {dﬁf “ 3( )e d2ody (xr,wo)

d

d?& 4 g4
dl - 2

dy

£ IA wog4(;)
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. I o1-dr ICo1-dy
< g5(x) + d—lf “ 94,2(X)IA,w03(}3)+d—1§ gy 3(r)
XIR 3 (). (2.3.27)

Consider

K o=a\ IC 1mdi
B00) = (565 ) a0 000 + (567 1alo) 13,000,
for right dense-continuous function ¢(r) such that ¢ € Ty. Then, in this case (2.3.27)

is reshaped as:
3(x) < G5(x) +As3(x)

Iterating the inequality for some 6 € N, one has

0—1

3(x) <) AGs(x) + AL3(x)
¥=0

We claim that the following inequality holds:

0 0
0\ ., - K 1=d o
230) < Y- ()t watsto (6 ) 18030
9=0
for some 6 € N. This can be proved by following the parallel steps beyond the
inequality (2.3.8). Ultimately, we get the inequality (2.3.21). O

Remark 2.3.3 For T =R; wy =0; ¢2(x) =0, Theorem 2.3.5 coincides with [10,
Theorem 4.

Corollary 2.3.6 [24] Let gx, 1 < k <4, and r be non-negative real valued function
defined on Ny. Let L be non-negative real valued function defined on Ny x R such
that 0 < L(x,r) — L(x,s) < K(r —s) forr > s > 0 and K > 0. Moreover, if

gi, 1 <1 <3, 1s nondecreasing such that

ri(r) < gi(r) + 92(0)A0'L (5, r(@) + gs(®) A L (x, r(v))

+A¢ g4 (x)r™(x), t € No.

Then, ford; >dy > 1, £ >0, neN, g,z,0,9 € Ny,

—1
do do—dq
rr) <% H{Hd—fé g g4<x>}
=0
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provided that

(o) = o)+ AL (v 0 )

d—1,
+93(zc)Aa”L <x, 1d1 </§)
d1

f‘il 0 94( )-

L do—dy
Gai(x H{Hd—jf g 94(90)} 9i(r), 2< 5 <3

Theorem 2.3.7 [24] Let the conditions of Theorem 2.3.3 be satisfied. Moreover, if
g1 is non-decreasing; gs,¢gs : Ty — R™ are nonnegative and right dense-continuous

on Ty, with diy > dy > 1, dy > ds > 1, such that

r@) < g1(e) + g2(0) Iawe L (1 7(0) + gs(@) I8 4, L (87 (x)

1700910 (@) + Inwogs(@®)r®(x), r €Ty

Then,

co 0 9 K ia 0
A Y ()Wt (e ) e

forx € Ty, provided that

di —
o) = 00+ w0l (1% V)
di —
+93(1) 18 o, L (x, — i 1 d{/g)

di —dy d2 ds 43
L 20 T p e 0a(1) F D I A e 05(2).
d1 dl

,95,](;) = 6( da—dy dz—dj )(x7w0) g](?% ) 2 Sj S 3.

dy —

+

d g d
26 N ogtgde hogs




CHAPTER 3

Analysis of solutions of certain type of

differential equations

This chapter shows that fractional and dynamical integral inequalities can be used
as powerful tools in the qualitative analysis of the solutions of some certain fractional
and dynamic problems. We also discussed that integral inequalities are helpful to
find the solutions of complicated phenomena in a more descriptive and compact
form. Section 3.1 shows the existence and uniqueness of the solution of fractional
stochastic differential equation. Section 3.2, check the behavior of the solutions
of some certain dynamic equations with initial conditions. Moreover, numerical
example has been discussed to ensure the validity of the derived results. Section 3.3
shows the boundedness and uniqueness of Cauchy type problem. In Section 3.4, we
structured the fractional A—stochastic differential equation of Ito—Doob type and
check the behaviour of the solutions of nonlinear fractional A—stochastic differential

equation.

3.1 Fractional stochastic differential equation

Consider the following stochastic differential equation:

d(A(x)) = b(x, A(x))dr + o1(x, A(r))dz® + o2(x, A(r))dB, (3.1.1)

65
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where 0 < a < 1 and B, is the standard Brownian motion.

Theorem 3.1.1 [22] Letw > 0; a € (0,1); (2,3, p) be a complete probability space
with an m— dimensional Brownian motion B(r) defined on space R™; let wq be a ran-
dom variable such that Elwo|* < oo; let b(.,.),01(.,.) : [0,w] x R" — R" and o(.,.) :
[0, w]xR™ — R™™ be measurable functions such thatt'=°b(.,.), ' %oy (.,.), ' %0s(.,.)

are also measurable such that the linear Growth and Lipschitz conditions,

1b(x, A))? + |or(x, A)|* + |oa(r, A)° < K2 (1+]A) (3.1.2)

[b(x, A) = bk, 9)| + [o1(x, A) = a1 (2, 9)| + |o2(x, A) = 0a(x,0)| < L]A =] (3.1.3)

are satisfied, for some constants K, L > 0. Then the fractional stochastic differential

equation (3.1.1) has a x— continuous solution with a filtration G such that

B| [ 1awp] <o

Proof. The integral form of the stochastic differential equation (3.1.1) is

r r
Alr) = wo+ / b(s, A(s))ds + a/ (x—5)" o1 (s, A(s)) ds
0 0

r
—I—/ 04 (s, A(s)) dBs (3.1.4)

0
By the method of Picard-Lindeldf iteration, define logarithmically A©®(x) = A,, for

some 1 € N, as follows:

AT () = g + / b (s, AD(e)) ds + 0 / (=) or (5. A (s)) do

0

n / 3 (5, A (5)) dB,, (3.1.5)

Using the inequality | 327, e;> <3327 [ei]?
B|A" (1) — A0 (p)]*
L
/ [b (s, AM(s)) — b (s, ATV (s)) } ds
0

2
< 3k

2

+3E

a /Ox(x —5)" " {0y (5,A"(s)) — 01 (5, A" V(s)) } ds

2
+3E

/ ; {02 (5, A (s)) — 0 (5, A"V (5)) } d BB,
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2

_ 3p / (b (s, AM(s)) — b (s, AT V(s)) } d

o [0 =9 {01 (5. 476) — 01 (5.4 (e)

+3kB

2
+3E

/ {02 (5. A(5)) — 02 (5. AT (s)) } B,

Cauchy Schwartz inequality on the first two integral and It6’s Isometry on the third
integral yield the following:

E|AU ) (g) — AW (y)

‘2 < 3wk /ZC b (5, AP (5)) — b (s, A" V(s)) ‘2d5
+3ax"E /OI(x — )" oy (s, A" (s))
—oy (5, A1 (s)) ‘2 ds + 3E /I |2 (5, A (s))

—05 (5, A" (5))|” ds. (3.1.6)
Application of the Lipschitz codition (3.1.3) yields:

B[40 (@) — A0 ()

| 2

< 3L% / B | A (5) — AW—U(s)}2 ds
0
+3az"L? /I(gc —5)" ' E[A®(5) — AV (s)[" ds
0
+3L? /IE |AM(s) — A("_l)(ﬁ)\2 ds
0
< 3021 +w) /;E | A (s) — A("—l)(5)|2d5

0

L
+3L3(1 +w) / (x—s)""E|AM(s) — A("_”(s)|2 ds
0

r
S 3L2(1+w)wlfax [wla/ Xaflsafl
0

x {57140 (5) — AOV(s) [} ds
L
_,_/ (; _s)a—lsa—l X
0

{5HE |A®(5) — AV)(s) \2} ds] (3.1.7)

—a 2
= xl E |A("+1)(X) — A® (m

For locally integrable function W(xr) define an operator €; as follows:

r r
¢y (x) == 3L (1 + w)w' {wl‘“/ s (5)ds + /(; - 5)‘1_15“_1\111(5)d5}
0 0
(3.1.8)
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From (3.1.7) and (3.1.8), repeating iteration yields:

F B AT (g) — A ()

IA

¢, (;1‘“E |AD (r) — A~ (zc)!Q)
L2 ($ B AP ) - AV))

IN

< (B AY @) - A9 (3.1.9)

As, E|AW(x) — AD(r) |2 is locally integrable therefore application of (2.1.4), (2.1.5)
and (3.1.9) yield:

FOE AT ) — AP )]T < e ( 1ap }A(l) () - A2
n 1 ['(i(2a — 1)) —a
H I'(i(2a —1) )w
x [3L%(1 + w)w“(l +w']”
X /IE |AW (5) — A©) (5)‘ ds.  (3.1.10)

IN

Again, from (3.1.5) applications of the inequality | 327 | e;[> <330 |e;|?

2

E[AD(x) — A (y)]

L
/ b(ﬁ, Ao)dﬁ
0

2 : 2

<3E +3E|a [ (x—35)"tou(s, Ay)ds

0
2

+3L

r
/ O'Q(E, Ao)d35
0

Cauchy Schwartz inequality on the first two integral and It6’s Isometry on the third

integral yields
2
E |A(1)(;) — AO (p)‘
r L
< 3wE/ b(s, Ag)|” ds + 3azc“E/ (x =) oi(s, Ao)|* ds
0 0
L
+3E/ |O'2(5,A0)|2 ds
0
L t
< SwE/ |b(s, Ag)|” ds + 3a(1 + w)E/ (x—5)""ou(s, Ao)|* ds
0 0

r
+3E/ oo (5, Ag)|* ds
0
Linear growth condition yields
E|AD(r) = AO@)|" < 3K (1+ Elwol?) (1+w)(x +1%) (3.1.11)

Combination of (3.1.10) and (3.1.11) produces

n—1 .
['(i(2a — 1))
EAD (o) — AD () < M.
osglxlgw ‘ (x) (M =70 11 ['(i(2a — 1) + a)

i=
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[BL°T (a)w*(1 +w)(1 +w'™)]", (3.1.12)
provided that

MO =

3K2(1+EI[EL§>)’2)<1+W> (g w? )

2 +a+1
Thus, for any ¢, 6 € N such that ¢ > 6 > 0,

¢
[490) = AV©lay < Do) = AV
n=0

¢ rw
= [ B - A0
n=0 "
¢

<MY [BLT(a)w (14 w)(1 +w' )]

179

['(i(2a —1))
0
XHF 2% —1)+a)

for sufficiently large ¢, 6 such that:

BIC(1 + Elwo)*(1 + w) (2( w’ w ! )

M= T(a) 2t a) @t D2a+ 1)

From Doob’s maximal inequality for martingales,

ZP s [0 - A ()] > ]

0<r<w n
<My 3 BT (@ (1 )1+ )"

n=1

= D(i(2a — 1
XHF (i( )

(oDt <+

The Borel cantelli lemma yields:
1
]P{ sup ’A ’7H) (r) — A (}:)‘ > — for infinitely many 77} =0,
0<<w n

so there exist a random variable A(x) which is almost surely uniformly continuous

on [0,w], such that:
AN () = AO@) + Y (A (1) - A1) = A).

Since A™(x) is g—continuous for any n € N, so A(x) is also x—continuous. Therefore,

wy + /Ib (s, A" (s)) ds +a /I(p —5)" oy (s, A"(s)) ds
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L
T / o2 (5, A" (s)) dB, — A(z),
0

for a stochastic process A(r) satisfying (3.1.4). 0

Theorem 3.1.2 [22] Under the conditions of Theorem 3.1.1, stochastic integral

equation (3.1.4) has at most one solution.

Proof.  Let Ai(r) and Ay(z) be solutions of stochastic integral equation (3.1.4),
which have the initial conditions AEO) (r) = 1, 1 < i < 2. Application of Cauchy-
Schwartz inequality, the 1to Isometry, and Lipschitz condition, yield

E|Ai(r) = @) < 4B[0 -l +4L°(1+w) /OFE |A(s) — Az(s)[* ds
+4al*w" /Ox(zc — ) LE Ay (s) — As(s)]* ds
which can also be written as:
ElA(r) = A0 < 4En — ) +4L(1 + w)w'™
/OI s s B A (s) — Ax(s)]?} ds
+dalw" /Ox(zc —5)" " ' E|A;(s) — As(s)*} ds
Application of Corollary 2.1.2 yields:

E|A;(x) — Ax(r)P<4E|r; — 1] ¥

Fra1,a-12a-1 (4L21"(a) {(1 +w)w! ™+ aw“} an—l) .

Since, A;(r) and As(r) are solutions of stochstic integral equation (3.1.4), with the

initial conditions AEO) (r) = i, 1 <i <2 therefore r; = ry and hence
E|A;(x) — Ax(x)]? = 0 for all ¢ > 0,

which proves the uniqueness. d

3.2 Delay type differential equations

Example 3.2.1 [23] Consider the following integro-differential equation with sev-

eral arguments.

[u(ry, 12)] 2922 = Flrg, ty, 12, to, u(pn (61), po1(€2)), -+ 5 u(pin (41, pion (82)),
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/ 1 / " Qb 1, o Mg, w(jers (), 22 (1)), 0t (M), iz (2)) ) Ay Ay,

(3.2.1)
with initial condition
[u(r1, r02)] 2% = af(r1), (o1, r2) = aa(x2);
u(ry, r2) = a(r, 2), r1 € [p1,ZoilT or k2 € [p2, To)T;
la(pi(x1), p2i(x2))| < lar(x1,x2)l, p1i(r1) < xor or pai(re) < rogs
(3.2.2)

for F: T? x T3 x R"™ — R is right-dense continuous on T% x T3 and continuous on
R"™: Q:T? x T2 x R" — R is right-dense continuous on T? x T3 and continuous
on R% w : Ty x Ty — R\{0}, a; : T; — R, a: ([p1,201] X [p2,202))r2 — R,

1 ¢ Ty x Ty — R are right-dense continuous functions and pj;; is as defined in

Theorem 2.2.1.

Theorem 3.2.2 [25] Assume that

IF(r1, t1, 02, to, By, 8- L6, )| < ao(rn,22) Doy wi(|8])
X[fi(ers tr, 22, to){wa(18]) + K[} + ity 82)); (3.2.3)
Q1 by x2 b, B+ 8| < gixn, k2 o) wa(J8]),
where f;, gi, i, and az are as defined in (C1) — (C2); ai(x1,12) = 23:1 a;(x;),
= /o) + omn+ /2, wa(n) == /o (n) + i for n € Ry If ulrr, v)

is a solution of the equation (3.2.1) satisfying the initial condition (3.2.2), then

u(ry, r2)| < (Vbs(x1,12) + az(rs, r2 54@17?2))

provided that

b3(r1,22) = V/|ai(r1,x2)| + az(x1, 12 Z/ / ri(t1, o) At Aty

n norre
b4(?1;?2)122/ filer b, x2, to)

=1 v ¥o1+ ro2

t1 to
X(1—|—/ / gi(tl,ml,tQ,mg)AmgAml)AtgAtl. (324)
to1v ro2

Proof. Let T := o(Tq,z2) where o(g1, o) is strictly increasing for r; € Ty and
(’~5j(7]) = 43/n, then by Theorem 1.2.11, we have

[B1(0(x1,12))]2" = &7 (0)0™" (r1,12)
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0°% (x1, 12)
/02(0(x1,12)) + /o (0(x1,12))0(x1,22) + 3/ 0%(x1,22)
0% (11, 12) _ 02 (11, 12)
wi(o(r1,82))  wi(w(o(r1,12)))

- Ary
; - 028 (t1,12)
[Ba(0(x1,12))]°" = &2(0)0°" (11,12) =
’ \/CT (x1,22)) +\/Qh,lﬁ2
0% (L) 0~ (x1,22)

wa(0* (11, 82))  wa(w (& (o1, 12))))
The equivalent integral form of (3.2.1) for (3.2.2) is

12t 2
U(?b?z) = a’l(?b??) _I_/ / F[?lvt17x27t?vu(ull(tl)7#21(t2))a"' ;
o1 ro2

U(,Uln(fl),wn(b)),/1/2Q(flyml,f2,m2>u(ﬂl1(m1),M21(m2)),"' )
U(M1n<m1),Mgn(mg)))AmzAml]AtzAtl (325)

Use of modulus and (3.2.3), equation (3.2.5) has the form

[u(r1, 12)]
)5l 2
< (o )| + / / Flen, b, B2, oy w(iann (t), 121 (62)s -+ » u(ptnn(b2), piom (),
o1 Y ro2
1 t2
/ Q(t, my, to, mo, u(pg1(My), o (my)), - -+,
o1 v Xo02
u(pin(mi), fian(m2))) AmaAmy[At Aty
<

o)+ nfes ) 3 / i / " (Juna(t), () Do, b, 20, )

x{wa(|u(pri(ts), paite)) / / gi(t, my, to, my)
o1

to2

xw2(|u(,u1,-(m1), ugl(mg))|)Am2Am1} —+ Tz(tl, t2)]At2At1, (326)

here an immediate application of inequality (2.2.5) to (3.2.6) yields the desired result.
i

Example 3.2.3 [23] Consider the following integro-differential equation with sev-

eral arguments.

[ (21, 22) U™ (11, £2)] 2
= Flri, b1, 1o, to, w(pnr (B), o1 (82)), - -+ s u(pan (tr), pan(t2)), (3.2.7)

/ 2 Q(tr, my, to, mo, u(par (M), i1 (Ma)), -+, ulptin(my), pon(mz))) AmpAm, |
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with initial condition

A
s (11, 202) U™ (11, 202) = 5&3(;1). s (xo1, 2) = F2(x2),
u(ry, r2) = a(r, 12), I € [p1, o]t or t2 € [p2, Lo2lT ; (3.2.8)
la(ai(r1), poi(x2))] < Q:%a pi(x1) < xo1 or pei(r2) < roo,

for§; : T; = R, € is a non zero constant such that € > Z?Zl fi(x;)]. Where F, u,
a, Q and pj; is as defined in Theorem 3.2.2.

Theorem 3.2.4 [25] Assume that

|F(r1, 61,00, 2, 81,85+, 8, k)|
<>ia ‘%'2 [fi(xr, 1, xo, o) {wa(|]) + | B[} + ri(ts, t2)], (3.2.9)
1Q(r1, b1, x2, o, 81 - -+ L8] < gilr, b, 12, E2)wa([8:]).

where f;, gi, and r; are as defined in (C1)—(C2); = /o2(PP)+ /o (P)nP +1?,
forn € RE. If u(xy,x2) is a solution of the equation (3.2.7) satisfying the initial
condition (3.2.8), then

[u(r1,12)| < \3/ Es(zﬁl,zﬁz) + b4(x1,12),

provided that by(ry1,12) is defined by (3.2.4) and

_ 3 n noorr
bS(F17;2) =5 + Z/ / Ti(tl, tg)AtgAtl
=1 Y ¥o1 Y ¥o2

Proof. Let T := w(Ty,r2) where @ is strictly increasing for r; € T; and G,(n) =
¢/n, then by Theorem 1.2.11, we have

Ba(@(r1,12))]2 = &y (@)@ (11, 1)

@™ (11, 12)
\/02 w(r1,r2)) + \/0 (r1,22))w (1, x2) + @2(r1,12)
D)
wa(/@(r1,x2))

By Integrating equation (3.2.7) over [gge, ra], we have

%(Pl r2)ut (11, 12)

2
= 7JL5(ZC172C02)UAF1 (r1,%02) +/ Flrr, t1, o2, to, w(pn (1), o (t2)), -+ -

Lo2

t1 t2
U(M1n(f1)7ﬂ2n(f2)),/ / Q(ty, my, to, Mo, w(pear (my), o1 (ma)), - -+,
o1 Y Xo2
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u(,uln(ml),ugn(mg)))AmzAml]Atg (3210)

By Theorem 1.2.9, we have

5 3 ! 2
(§ us (11, 12))20 = UA“(PMP?)/ {ulrr, vt hp(xy, 12)u™" (x1,12)} " 5dh
0
UAFI , 1 AFI
= 2 (& ;2)/ {1 +hM<F17F2)—(h 2:) “Sdh
us (r1,12) Jo u(x, r2)
ulry 1,02)7 2 1
- —
u5(x1,x2) Bplen ) T |
At (1,12)
— UAxl(p1’;2) X 5{1 +M(;1’x2) (FIF;ZXQ }5 B (3 2 11)
(L) 3 WAL (r1,) -
us(r, X2 M(Plah) u(ry,r2)
By B i’s i lity for “2LeL2) > 0 we b
y Bernoulli’s inequality for “ =542 > 0, we have
5 Fl
Cub (e ) < 008 3212
s (11, 1)
From (3.2.10) and (3.2.12), we have
o 3
(g 5(?1;&2))An
5 A r2
< % +/ Flry, tn, vo, to, wu(pn (1), 21 (t2)), - - - w(pan(tr), pon(ts)),

Lo2

1 to
/ Q(t1, my, to, mo, w(pgr (my), por (M), -+,
o1 Y Xo2

u(pin(ma), pion(m2))) AmaAmy Aty

Integrating over [ro1, r1] yields

3
us

(r1,22) < Fi(r1) + f2(21) / / Fler, t,re, to, upnn (), poa (t2)), - - -

U(Mln(h),ﬂzn(fz)),/ / Q(t, my, to, mo, w(pg1(my), 21 (m2)), -« -,

(i1 (M), plon (ma))) AmaAmy A, Aty (3.2.13)

Use of modulus and (3.2.9), inequality (3.2.13) has the form

3
|5 (21, 22)|
5l 2
< 4 - / / Flrr, t1, 22, to, w(pn (1), o (t2)), - - - w(pan(tr), pon(ta)),
o1

/ / Q(thm17t27m27u(ull<ml>7ﬂ21(m2))7." 9
o1 < o2
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U(/l,ln (ml), Mon (mQ)))AmgAml] ’AtgA{il

" oo
¢+%;/@/ [upi(tr), pizi(t2))P[fi(er, tr, 22, t2)

x{wa(Jupi(ty), poi(t2)) / / gi(t, my, to, my)
to1
Xw2(|u(uu(m1), Mgz(mg))‘)AmgAml} + T‘z(tl, tg)]A{zA{l, (3214)

IN

here an immediate application of inequality (2.2.66) to (3.2.14) yields the desired

result. 0

Example 3.2.5 [23] Consider the delay discrete inequality (2.2.83) satisfying the
initial condition (2.2.84) with u(xy,t2) = 2752, py; = 71, a1 (¥, r2) = 278, as(x1,12) =
Wik, 7i(X1,82) = H\/m ), fi(rn, i, 10, 6) = arctan( Wttt tt), =
I=w, g;(t1, 1,00, ) =107 W+ o+ 6, 1 <i < 2. ij and w; are as de-
fined in Theorem 3.2.2.

We compute the values of u(xry,x2) from (2.2.83) and also we compute the value of
u(x1,x2) by using the result (2.2.85). In our calculation, we use (2.2.83) and (2.2.85)
as equations. We easily find that numerical solution agrees with the analytical solu-

tion for some discrete inequalities.

(r1,z2) | (2.2.83) (2.2.85)
(2,2) | 8.0692e+11 | 5.7300e+11
(2,5) | 3.1140e+11 | 1.9584e+12
(2,9) | 3.1481e+11 | 9.2602¢+12
(3,4) | 3.1193e+11 | 2.8268¢+12
(3,8) | 3.1605¢+11 | 3.9592¢+13
(7,3) | 3.1497e+11 | 1.7927e+13
(7,4) | 3.1834e+11 | 2.922fe+1}
(11,5) | 8.2673¢+26 | 6.3683¢+26
(15,2) | 3.1803¢+11 | 1.2336¢+14
(40,1) | 3.2160e+11 | 1.978%e+14
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3.3 Fractional Cauchy type problem on time scales

Consider the following Cauchy type problem with Riemann-Liouville fractional deriva-

tive
D3Ry 7(8) = 6(x,7(x)); (33.1)
D“A:jo r(wog) = b

where a € (0, 1).

The following result gives us the estimation of the solution of the Cauchy type initial

value problem (3.3.1).

Theorem 3.3.1 [24] Let wy,r € Ty and G € R an open set. Let & : Ty xG — R be
a function such that &(x,r) € Lalwo,w) for anyr € G. If r(xr) € Lk [wo,w) such that
1S(x,7)| < |r]’, b e (0,1). Then the cauchy type problem (3.3.1) has the following

explicit bound

()] < ZZ(Z) () 500 e en), (33.2)

provided that

—_——

[6[ha-1(x,w0) = [blha-1(x,wo) + (1 = b)E" {(x — wo) + halr,wo)},

Here Lalwo,w) := Lalwo,w) be the space of A—Lebesgue integrable functions in a

finite interval [wo,w)y and Li[wo,w) := {r € Lalwo,w) : D%, € Lalwo,w)}.

Proof. The equivalent integral form of the initial value problem (3.3.1) is

7(x) = bha_1(x,wo) + 14 ., & (&, 7(x))-

Then,
r@)] < [blha—1(x,wo) + IR ., |6(x,7(x))]
< [6lha1 (2, wo) + Taw, Ir(®)]” + 1% o, 1r(@)]” (3.3.3)
An application of Theorem 2.3.1 to (3.3.3), yields the desired result. O

Theorem 3.3.2 [24] Let the conditions of Theorem 3.3.1 be satisfied. Moreover, if
|6(?>7’) - 6(?7 8)‘ < ’T - S’b7

then (3.3.1) has at most one solution.
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Proof. Suppose that initial value problem (3.3.1) has two solutions 7;(z), 1 <1i < 2.
We have

7i(r) = bha_1(x,wo) + I3, 6(x,7i(r)), 1<i<2
Hence,
ri(x) = r2(r) = IR, [6(x,m(r) — &(x, 72(x))]

71 (x) — ra(x)] < I& ., [71(x) — ro ()] + Taw |1 (x) — r2(x)|” (3.3.4)

Considering |r1(r) — r2(x)| as one independent function and applying Theorem 2.3.1
to inequality (3.3.4), we get |r1(r) — r2(z)| < 0. Therefor, r(r) = r2(x). 0

3.4 Fractional Stochastic differential equation on
time scales

Consider the following nonlinear fractional A—stochastic differential equation

AMN(q(z)) = b (x, N(q(x))) Ar + o1 (r, N(q(x))) Ar®
+09 (¢, MN(q(r))) ABy; (3.4.1)

MN(q(wo)) = J(q0),

where B, is the standard Brownian motion.

Theorem 3.4.1 [24] Let (2,G, p) be a complete probability space with an m—dimensional
Brownian motion B(x) := (Bi(r), ..., Bn(x))" defined on the space R, t > 0 and
a € (0,1); let wy be a random variable such that E|wo|?> < oo. Let b,oy : [0, w]r X
R" — R" and o9 : [0,w]r x R™ — R™™ be right dense-continuous on [0,w]r,
continuous on R™ and measurable. Let N : R® — R" be continuous on R™ such

that:

16 (e, 9Ua))|” + o (&, 9(a)[* + oz (&, 90(a)) " < K2 (1 + |9(a)[*) (3.4.2)

[b(x, 9M(q)) = (&, NW))[ + o1 (&, Na)) — o1 (x, N(p))]
+ oz (5, Nq)) — o2 (&, N(n))| < LN(q) = N(v)[ (3.4.3)
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for some constants K,L > 0. Then the A—stochastic differential equation (3.4.1)

has a r—continuous solution with a filtration Q;"O such that

B| [ IR ar <o

Proof.  The integral form of the A—stochastic differential equation (3.4.1) is as

follows:

N(ax)) = N(wo) + Iao b(x,Ma(x))) +T(a+1)Ix, o1 (xr, N(a(x)))
+/0 o9 (5,9M(q(s))) AB, (3.4.4)

By the method of Picard-Lindelsf iteration, define iteratively 9t(q(”(z)) = M(wo),

for some 1 € N, as follows:

N (1) = N(wo) + Iao b (N (1)) +T(a+1)I5, o1 (v, 04" (1))
+f 3 (5, M(q (5))) AB,. (3.4.5)

Using the inequality | 327, e;> <3327, |ei|?, we have

E 9N (4" V() - N (a7 ()|

3E |1n0 {0 (.M (4" ())) - ( N (@)}

+3E [D(a+ )14, {o1 (&N (1)) = o1 (&N (@)}
+3E /0 (o2 (5 () (5))) — 72 (5, (3" V(s)))} ABL|
= 38150 {b (&N (7)) b (&N (@ @)}

1

+331xa+1xﬁimlxpa@»w

() {or (5,9 (a7 () — o (59 (a7 (6))) } As|

2

IN

x(h

S

3| [ o2 (60 (a7(6))) - o2 (6. (4" V(6)) } A

Cauchy Schwartz inequality on the first two integral and It6’s Isometry on the third
integral yield the following:

E[9 (g () = N (a™ )]
< Blay [bENED0)) b EN (@)
+3(D(a+1))*ha(r, 0)EI& o [o1 (1,9 (4 (1)) — o1 (2. (0" (1)))]

2
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3BLa o2 (5.9 (7)) — 2 (59 (27 0(0)] (3.4

An application of the Lipschitz condition (3.4.3), yields:

B9 (g (1)) — 0 (4 (1))
< B2+ Dlao {B N (a7() — 9 (a7 V() [}
+3L7 (T(a + 1)) ha(x, 0) 14 {E 9 (a7 @) - N (4" V@) }2} - (34.7)

For continuous function Wy (x), we define an operator €, as follows:
CoWy(x) := 3L2(r 4+ 1)Ia0Ws(x) + 3L2 (D(a + 1)) Ry (z, 0)I3 o Va(r) (3.4.8)

Repeated iterations on (3.4.7) for (3.4.8), yield

IN

B9 (@) - N@@) < & (B[R (@) -7 (@0 w)[)
g (B EPm) - @ w)])

< G (BMEVE) -NE@O@))  6349)

IN

Again, from (3.4.5), applications of the inequality | 320_ e;]*> < 3370 |e;|?

EM (@M @) - 9N (q)) ’2 <3E|Iao b (x, MN(q0))|”

2
+3E ‘F(a +1)Ix, o1 (2, m(%))f +3E

/‘r (op) (5, ‘ﬁ(qo)) ABE

0

Cauchy Schwartz inequality on the first two integral and 1t6’s Isometry on the third
integral yields:

EM(qD@) =N (@Q@)]" < 3:Elao b N(q)
+3((a+1))* ha(x, 0)EIZ 4 |01 (x, M(do)) [
+3EIa |02 (x, N(a0)) [

Linear growth condition yields:

EM(qV() - N @qOw)[
< 3K? (1+ E[9M(wo)?) {¥® + 1+ (T(a+1))* (ha(z, 0))*} .
Then,

sup (B[ (a(0) - 0 (a0)[)
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<3K? (14 E(wo)?) {w? +w+ (D(a + 1))* (ha(w, 0))*}  (3.4.10)

As, E|9 (M (x)) — 9 (g9 (x))|” is continuous, the application of (2.3.8), (2.3.10), (3.4.9)

and (3.4.10) yield:
B0 (a0 w) - 0 (@) < (B @a0w) —m<q<°><x))|2)
< 3K? (14 E|N(wo)?) {w* +w
) 1
+(T(a+ 1)) (ha(w, 0))*} Tlna+ 1)
x [BL2%w {x+ 1+ 0w (D(a + 1)) ha(r,0)}]" .

Therefore

sup (E M (g (x) =N (0" (x)) \2)

wo <r<w

= m [BL2%w {w + 1+ w* (T(a + 1)) ha(w, 0)}}79, (3.4.11)

provided that

My == 3K? (1 + EM(wo)|?) {w? +w + (T(a + 1)) (ha(w, 0))*}
Thus, for any ¢, 6 € N such that ¢ > 0 > 0, we have
2
IRt (x) — ( ?)) HL?A(JP)

2
n+1 - (q(n) (ZC)) ||L2A(P)

w

EM (@) - N (@) Ar

M"b\ HM% —

\

=3
Il
RS

| /\

- (3L%w ) 1 2 n+1
Zn+1 iy o e Cat D) ke, 0] 0,
9

for sufficiently large ¢, 6.
From Doob’s maximal inequality for martingales, we get
1
ZP{ sup (9 (470 () — N (a7 ()| > —2}
n=1 wo<Lrlw n

3L2w w14+ ws !t (F'(a + 1))2 ha(w,0) ! 4
<MOZ { NOTES) H n < 400

The Borel’s cantelli Lemma yields:

]P{ sup “ﬁ (q n+1) r) -, (q(n)(;))‘ > % for infinitely many n} =0,

wo<rw




81 3.4. Fractional Stochastic differential equation on time scales

so there exist a random variable 9 (q(x)) which is almost surely uniformly continuous
on [wp,w], such that:

-1

N (4) =N () + X R 0) - R (@O@)] S N

3

RS
Il

Since M (q(r)) is continuous in r for any n € N, so M (g(x)) is also r—continuous.

Therefore,

N (wo) + L0 b (&, N (x))) + Ta+ I o1 (1, N ()

_|_/0 o9 (57 m(q(n)(ﬁ))) AB, = (q(;))7

for a stochastic process M(q(xr)) satisfying (3.4.4). 0
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