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Abstract

Different results regarding different integro-differential equations, most of the time are not
properly generalized, because of not satisfying some of the constraints. The field of fuzzy
integrodifferential is very rich now a day because of its different applications and in the use of
different physical phenomenon’s. Solutions of FID are more generalized and have better
applications. SDM is used for finding the solution of some linear and nonlinear FIDE. This method

is easy to apply as well as it will give us more better results than other methods.
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Introduction

A considerable lot of linear and nonlinear equations are a fundamental part in connected
science and building fields. Nonlinear equations are seen in an alternate kind of physical
problems, for example, liquid elements, plasma material science, strong mechanics, quantum
field hypothesis, proliferation of shallow water waves, and numerous different models are
controlled inside its area of legitimacy by incomplete differential equations. The wide
utilization of these equations is the most imperative motivation behind why they have drawn
mathematician's consideration. Regardless of this, they are difficult to discover an answer,
either numerically or theoretically. Previously, dynamic examination endeavors were given a
lot of regard for the investigation of getting exact or approximate solutions of this sort of
equations. [1,2]

In the recent years the area of FIDEs has been developed a lot and have a key role in
engineering. The elementary impression and arithmetic’s of fuzzy sets were first introduced by
L. A. Zadeh. Later, that the area of fuzzy derivative and fuzzy integration was studied, and
some general results were developed. Fuzzy differential equations, FIE and FIDEs have much
importance in the study of fuzzy theory and have much beneficial results for different problems.
Modelling of different physical system under the differential way will give us different FIDEs
[2,3] Also, FIDEs in fuzzy setting are a natural way to model ambiguity of dynamical systems.
Consequently, different fields of sciences like Physics, Geographic, Medical and Biological
Science pay much importance to the solution of different FIDEs. Solution of these equations
can minimize different engineering problems. In Seikkala defined fuzzy derivatives while
concept of integration of fuzzy functions was first introduced by Dubois and Prade. Alternative
Analytic solution of FIDEs (nonlinear) type are often difficult to find. So, most of the time
approximate solution is required. There are also useful numerical schemes that can produce a

numerical approximation to solutions for some problems [6,7]

The literature on numerical solutions of IDE is large. We will use sumudu decomposition
method for solving linear and nonlinear FIE. The method gives more realistic series solutions
that converge very rapidly in physical problems. Sumudu Transform is also used for solving
IDE which can be seen in [4,5]. IDE are transforms to FIDEs which are more general and gives



better results. After applying Sumudu transform decomposition method is used for approximate
solution. [8,9,10]
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Chapter NO 1
Basic Definitions Related to Fuzzy Integro-Differential

Equations

Preliminaries

1.1 Integral Equation(IE):

The unknown function Y (&) shows up under an integral symbol is known as integral equation.

Usually we write an integral equation as follows [11].
h($)

re) =f©+ [ KEorod (11)
9(&)
In the above Eq. (1.1) k(&,t) and A are the kernel and constant parameter respectively. Kernel is

identified as function of dual variables ¢ and t. g(¢) and h(§) are recognized as the limitations
for integration. The function Y'(§) that will be resolved shows up under integral symbol, it has a
property that it will be looked in both the outside of integral symbol as well as inside the integral
symbol. The functions that will be specified in progressive are f (&) and k(&,t). Limitations of

integration can adopt both forms that is the variable, constant, or blended.
1.1.1 Typesof IE.

IE show up in numerous kinds. Different sorts be contingent generally for the limitations of
integration as well as the kernel of equality. In this content we will be worried on the accompanying
sorts of IE. [11]

i.  Fredholm IE

ii.  Volterra IE

iii.  Volterra-Fredholm IE

iv.  Singular IE

1.1.2 Fredholm integral equation(FIE):



An equation in which the limitations for integration are constant or static as well as the unidentified

function Y'(¢) may show up just inside the integral sign is named FIE.
b

) = f K (& OY (D)dt (1.2)

a

Eq. (1.2) is named as first kind of the FIE. For the second kind of FIE, the unidentified function
Y (&) looks in external side as well as internal side of the integral symbol, this will be explained

well by the succeeding equation.

b
Y(E) = £(E) + A f K(E OY (D)dt (13)

For instance,

sin§ —&cos§

Z = fsin(ft) Y(t)dt

0

As well as,

1 1
) =€+ +; [¢-orod

Correspondingly.
1.1.3 Volterra Integral Equations(VIE)

There is a restriction for the VIE that at least single limit should be a variable. Likewise, FIE there

are two varieties of VIE, that would be easier to described through,

£
£© = [ K or©dr (1.4)
0
Equality (1.4) is a VIE of 1% kind.
That is,
3

fe=$ =Jet‘fY(t)dt

0



Y(E) = £(©) + A f K(E OY (D)dt (L5)

Equality (1.5) is VIE of 2" type,
For illustration,
¢

Y(E) =1- f Y(0)de,

0

1.1.4 Volterra-Fredholm Integral Equations

The VFIE stand up by different boundary value problems, like parabolic with the interaction with
mathematical modelling for the spatiotemporal progress of a widespread, and after several physical

and biological models. The VFIE equations seem in the works in two arrangements, namely
¢ 3

Y () = () + 44 f Ky (&, DY (©)dt + A, f KEDY@OdE  (16)

0 0
And,

t
Y60 = F(E0) + A f f F(& b7, Y (1,7))dndz, (€,£)eQ x [0, T]
0 Q

Where £(§,¢) and F(&,¢t,m,7,Y (n,7))dndr represents analytic functions on D = Q x [0, T] and
Q representing closed subset of R™,n = 1,2,3 ... it is intriguing to take note of that (1.4) holds
separate VIE and FIE, while (1.6) comprises mixed VIE and FIE. Additionally, the unknown
functions Y'(¢) and Y (&,t) appears inner and outer the integral symbols. This is a trademark
highlight of a second kind integral equation. On the off chance that the obscure function seems
just inside the integral signs, the subsequent equations are of 1% type, be that as it may, won't be

analyzed in this content. Examples for the both types are given below.

1

Y(&) =28 +48%2+2— f Eu(t)dt — f tY (t)dt (1.7)

Y(ft)—f+t3+ tz——t ff(r n)dnd t (1.8)
00



1.1.5 Singular Integral Equations:

An integral equation in which core converts into an infinite form at individual or both limit points
is termed as singular integral equation.
In another way if at least one of the two limit points are infinite then the IE is also named as

singular IE. For illustration,

Y@ =f@©+2 [ e Hira (1.9)
As well as
4
1
f&) = f GETL Y (t)dt, O<a<1 (1.10)
0

1.1.6 Homogeneous and nonhomogeneous integral equation:

A 2" order VIE or FIE is termed as homogeneous IE if £(£) is similar as zero. Else it is named as
inhomogeneous. It should be noted that this stuff is only for the 2" type of equations.

For the clarification of this idea we have the equation as,

¢
Y (&) = cosé + J Etu(t)dt (1.11)
0

£
Y(é) = f(l +&—-1t)Y>(t)dt (1.12)
0

Equation no (1.11) is nonhomogeneous and equation no (1.12) is homogeneous. Because in (1.10)

f(&) = cos€ and in (1.11) f(§) = 0

1.1.7 Linear and nonlinear Integral equations:

An IE is called linear if the power of the unidentified function Y'(¢) is one inside the integral

symbol. If the power of unspecified function is other than one, or if the equality possesses the



nonlinear terms for example, e%, Sinhu, Cosu,In(1 + u) at that moment the IE is known as

nonlinear. For the explanation of that idea we have the consideration as,

¢
Y(¢)=2-— f(f —t)Y(t)dt (1.13)

1
Y(é)=3- f(l +&—-1)Y>(t)dt (1.14)
0

Equation (1.13) is linear while the equation (1.14) is nonlinear.
1.2 Classification of Integro-differential Equations:

Various kinds of dynamical physical problems possess Integro-differential equations, specifically
during the conversion of IVP’s and BVP’s. Differential operators as well as integral operators are
involved in an Integro-differential equation. There could be any order for the presence of
derivatives of the unknown function. In characterizing integro-differential equations, we will
pursue a similar class utilized previously.

I.  Fredholm Integrodifferential Equations

ii.  Volterra Integrodifferential Equations

iii.  Volterra-Fredholm Integrodifferential Equations
1.2.1 Fredholm Integrodif£rential Equations:

Appearance of the Fredholm integro-differential equalities happen during the conversion of
differential equation into integral equation. According to the definition of integro-differential
equation of Fredholm kind presence of the unidentified function and its derivatives arise inside as
well as outside the integral operator respectively. For FIE the limitations of integration are static
that is constant. Presence of the differential as well as integral operatives make the equation a
special kind of equation named integro-differential equation. To attain a particular solution the

limits of integration should be available in FIDE. We have a FIDE as,

b
Y"(€) =f(&) +/1JK(€, t)Ydt (1.15)



Where Y™ (&) shows the nth order derivative of Y'(¢). On the left half of the equation the

derivatives of less order will appear with Y™(&). For example,

1

Y'()=1-— %5 + f fu(t)dt, Y(0)=0, (1.16)

0

1.2.2 Volterra Integrodiffrential Equation

Appearance of the Volterra integrodifferential equations happen during the conversion of IVP’s
into integral equation. According to the definition of integro-differential equation of VVolterra kind
presence of the unidentified function and its derivatives arise inside as well as outside the integral
operator respectively. For VIE at minimum one of the limitations of integration are is variable.
Presence of the differential as well as integral operatives make the equation a special kind of
equation named integro-differential equation. To attain a solution the IC’s of should be available
in VIDE. We have a VIDE as,

'3
YnE) = FE) + f K(EOY (D)dt (1.17)
0

where Y™ designates the derivative of order nth of Y (¢). Different derivatives of fewer order may
show up by Y™ at the left side. VIDE are specified as
3

1
Y'(§) =3+ ZEZ —&ef — J tY(t)dt, Y(0)=0, (1.18)
0

1.2.3 Volterra-Fredholm Integrodiffrential Equations(VFIE)

The VFIE emerge in indistinguishable way from Volterra-Fredholm integral equalities with at least
one of conventional derivatives notwithstanding the integral operatives. The Volterra-Fredholm
integrodiff erential equalities show up in the writing in two structures, to be specific
$ ¢
, PO = fO+h | KEOTOde+ 4, [ G OYOdE  (119)

0 0
And,



t
YR(E D) = f(6,6) + A f f F(&,t,1,7,u(n,7))dndz, (7, ) X [0, T]
0 Q

(1.20)
Where f(&,t) and F(&,t,n, 7, u(n, ) )dndr are investigative functions on D = Q x [0, T] and
Q is a locked subset of R™",n = 1,2,3.... ,2,3. It will be fascinating to take memo of that (1.19)
covers split VIE and FI equalities, though (1.20) contains blended integrals. Different derivatives
of less request may show up too. In addition, the unfamiliar functions Y'(¢) and Y (¢, t) shows up
inner and outer side of the integral cyphers. This is a trademark highlight of a 2" kind integral
equality. On the off chance that the obscure functions seem just inner side the integral symbols,
the subsequent equations are of 1% type. Preliminary conditions must be assumed to govern the
results. IC’s ought to be specified to decide the specific arrangement. Instances of the two kinds

are specified as

1

¢
Y'(§) =28 +3 — f £Y (t)dt — f tY (t)dt, Y(0) =0
0

0

1.2.4 Homogeneous and nonhomogeneous integro-differential equations:

Classification of the 2" type of integro-differential equations in homogeneous and
inhomogeneous, if £(&) in the 2" type of Volterra or Fredholm IE’s is indistinguishably zero, the
equality is named homogeneous. else it is baptized as inhomogeneous. It is to be notified that this
possession grasps only for 2" type. To elucidate this idea, we think about the accompanying
conditions,
¢
YW@ =2+ —ef + f ty(t)dt, Y(0)=0, (1.21)

0
§

Y@ (&) = f &gy (tdt, Y©0)=1, YDO)=0 (1.22)
0

Equation (1.21) is in homogeneous because f (&) =2+§€2—€ef and equation (1.22) is

homogeneous because f(¢§) =0

1.2.5 Linear and nonlinear Integro-differential equations



If the obscure function inside the integral symbol possess a power one, the integro-differential
equation is called linear. On the off chance if the power of function Y'(¢) is greater from one, or if
equation comprises nonlinear functions of Y'(¢) for example, e%, Sinhu, Cosu,In(1 +u) the

integro-differential equality is called nonlinear. To clarify this idea, we think about the conditions,

1

Y'(€) =1+ f gety(H)dt, Y(0) =1, (1.23)
¢

Y'(§) =-1+ %EZ —&ef + f ty(t)dt, Y(0)=0, (1.24)
0

Equation (1.23) is nonlinear because of nonlinear part under integral sign e®. While (1.24) is linear

because it contains linear part under integral.
1.3 Different method for solving integro-differential equations:

There are different methods for solving integro-differential equations. We will discuss some of
methods which are often used for getting the solutions for integro-differential equations. [30]

i.  Variational iteration technique(VIM)

ii.  Series solution method

iii.  Decomposition Method
1.3.1 Variational iteration method

The VIM was utilized to deal with Volterra fundamental conditions by changing over it to an [VP’s
or by changing over it to an equal integrodifferential condition. The technique gives quickly
concurrent progressive estimates of the correct arrangement if such a shut frame arrangement
happens, and not segments as in (ADM).). The VIM grips linear as well as nonlinear issues in a
similar way with no compelling reason to specific confinements, for example, the alleged Adomian
polynomials that we requirement for issues which are not linear. The frame of nth order integro-
differential equality is,
3
Y = £+ A | KE OV (Ode (1.25)

0



dan d dz dn—l
Whel’e Y‘Tl({:) = EZ and Y(O)rd_; (O)Pé(o)' dfn—llf

(0) are initial conditions.

The integro-differential equality (1.25) as correctional functional is
n

3
Vierr(6) = K (©) + f AT W) - £ - f K, T, (r)dr)dy (1.26)
0

0

The VIM is utilized by putting on two fundamental advances. firstly it is required to decide the
Lagrange multiplier A which can be recognized ideally by means of integration by portions and by
utilizing a inadequate diversity. Taking A decided, an iterative formulation, without confined
diversity, ought to be utilized for the assurance of the progressive approximation ¥;,,(¢€),k =0
of the arrangement Y (§). The zeroth guess Y, (&) can be any specific function. Be that as it may,
the initial standards Y'(0),Y'(0), ... are lean toward capably utilized for the particular zeroth

estimation Y, (&) as will be perceived later. Subsequently, the solution is specified as,

Y@= Jim % @

It is helpful to shrink the Lagrange multipliers

Yo+ £ (Yap,yOm) =04 = -1,

Y@ + £ (Y, YO m, y®m) =0,

—1=n-¢
1
YO+ (rmyOmr@mrPm)=01=-1= - -¢?

Y@ 4 f ((y(n),yﬂ) ORI I yn(n)) =0

A=V

Variational iteration method
(for FIDE’s)

The technique gives quickly united progressive approximations of the correct arrangement if such

a shut shape arrangement exists, and not parts as in ADM. The VIM handles linear as well as
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nonlinear issues in a similar way with no compelling reason to specific limitations, for example,
the supposed Adomian polynomials which are required for issues which are not linear. The frame

of usual nth order integrodifferential equation is,
b
YO = £+ A [ KOV (de (1.27)

The ICs are as Y™ () = S and ¥/(0), Y (0) ... .. .. .. Y*"1(0)

The integrodifferential equation (1.27) as correction functional is,

b

&
Yieer () = Y(©) + f AN - F ) - f K (0, )T (r)dr)dn (1.28)
0

a

The VIM is utilized by smearing both of fundamental advances. Firstly, we should need to decide
the Lagrange multiplier A which should be recognized ideally by means of integration and by
utilizing a inadequate diversity. Taking A decided, an iterative formulation, without confined
diversity, ought to be utilized for the assurance of the progressive approximation ¥;,,(é€),k = 0
of the arrangement Y'(§). The zeroth guess Y, (&) can be any specific function. Be that as it may,
the initial standards Y'(0),Y’(0), ... are lean toward capably utilized for the particular zeroth

estimation Y, (€) as will be perceived later. Subsequently, the solution is specified as,
Y= lim ¥ (&)

1.3.2 Series solution method(SSM)
(For Volterra integro-differential equation)

We have another form in which we can define the function having analytical property “if a real
function Y (&) possess derivatives for all orders same like the Taylor series at any point b at its

domain

co

W (p
re =Y gy (1.29)

n!

n=0
About b Eq. (1.29) shows convergence towards Y'(¢). For easiness, the nonexclusive type of

Taylor solution at ¢ = 0 can be composed as
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[ce]

V) =) a” (130)

n=0
In this area we will utilize the application of SSM for fathoming VIDE of the 2" kind. We have

the expectations that the solution Y (&) of the Voltera integro-differential equations is as,

£
Y™(E) = f(&) + Af KEY)de, Y®0)=kla, 0<k<(n-1) (1.31)
0

is systematic, and accordingly has a Taylor arrangement of the frame agreed in (31), where the
coefficients a,, will be resolved intermittently. The first few coefficients a;, can be controlled by
utilizing the IC’s as,

v _dr _1d¥ © C1dr
Go = TLY) T =g W %2 = orqer % = 314¢3

etc. The lasting coefficients of a; (1.30) will be dictated by the application of SSM to the VIDE

(1.31). Substitution of (30) into the two sides of (30) supply
§ o

o) n)
(z a@k) =T(f() + f K(¢,t) (Z aktk> dt (1.32)

k=0 0 k=0

(0)

For simplicity we use
¢

(apé + a;& + ayé? + - )" = T(f(f)) + f K(& ) (apt + ast + ayt? + ) dt, (1.33)
0

Whereas for f (&) the Taylor arrangement is T(f(£)). The integrodiff erential equality (1.31) will
be changed over to a customary integral in (1.32) or (1.33) where as opposed to integration the
obscure function Y (£), terms of the structure t™, n > 0,will be incorporated. Notice that since we
are seeking for a result in series system, at that point on the off chance that £ (¢) incorporates basic
functions, for example, exponential functions, trigonometric functions, and so forth. Taylor
extensions ought to be utilized for functions engaged with f(¢).

We first coordinate the side on the right of the integral symbol in (1.32) or (1.33) and gather the
reflectance of alike exponents of ¢. Further we compare the reflectance of alike exponents of &

into the both sides of the subsequent equality to decide a repeat connection in a; j = 0.
Comprehending the repeat connection will prompt an entire resolve of the reflectance a; j > 0,

where a portion of such reflectance will be utilized from the IC’s. Taking decided the reflectance



12

a; j =0, the solution in the form of series pursues promptly after replacing the determined
coefficients into (1.30). The solution in the form of exact might be gotten if such a solution in exact
form exist. In the event that a solution in exact form isn't realistic, the got arrangement will utilized
for mathematical determinations. For this situation, the supplementary relations we assess, the

advanced precision level we accomplish.
Series solution method (For Fredholm integro-differential equation)

Utilization of the SSM has been castoff earlier, and the general procedure of Taylor series for Y (&)

is as,

(0]

V) =) a” (138)

n=0
In this area we will utilize the application of SSM for fathoming FIDE of the 2" kind. We have
the expectations that the solution Y (§) of the FIDE is as,

b
Y@ =f(E)+A f KEoY@®dt, Y90)=q, 0<j<(k-1) (135)

Is scientific, and in this manner has a Taylor arrangement of the structure given in (1.34), where
the coefficients a,, will be resolved intermittently. Substitution of (34) into the two sides of (1.35)
gives

b oo

f K(E, 0 <z ant”> dt (1.36)

a n=0

(i akf">(k) =T(f(®) +

n=0

For simplicity we use

b
(@pé + a1 + a, 82 + )k = T(F(9) +/1]K(€, t)(apt + a t + a,t? +--) dt,

(1.37)
Whereas for f (&) the Taylor arrangement is T(f(f)). The integrodiff erential equality (35) will be
changed over to a customary integral in (1.36) or (1.37) where as opposed to integration the
obscure function Y (£), terms of the structure t™, n > 0,will be incorporated. Notice that since we

are seeking for a result in series method, at that point on the off chance that f (&) incorporates basic
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functions, for example, exponential functions, trigonometric functions, and so forth. Taylor
extensions ought to be utilized for functions engaged with £ (&).

We first coordinate the side on the right of the integral symbol in (1.36) or (1.37) and gather the
reflectance of alike exponents of &. Further we compare the reflectance of alike exponents of x
into the both aspects of the subsequent equality to decide a repeat connection in a; j = 0.
Comprehending the repeat connection will prompt an entire purpose of the reflectance a;, j =0 ,
where a portion of these coefficients will be utilized from the IC’s. Taking decided the coefficients
a; j =0, the solution in the form of series pursues promptly after replacing the determined
coefficients into (1.35). The solution in the form of exact might be gotten if such a solution in exact
form exist. In the event that a solution in exact form isn't realistic, the got arrangement have an
option of utilizing for mathematical determinations. For this situation, the supplementary relations
we assess, the advanced precision level we accomplish.

FIDE gives solution in the exact frame if the arrangement Y'(¢) be in the form of polynomial. Be
that as it may, if the arrangement is some other straightforward function, for example, sin&, e*and

so forth, the SSM stretches the solution in exact form to adjusting few of the coefficients a; j > 0.

1.3.3 Direct decomposition method
(for Fredholm integro-differential equation)

K(,t) = g(§)h(t) (1.38)
The standard form of the FIDE is as
b

Y™(E) = f(&) + f KEoY@®de, vY®0)=b, 0<k<m-1) (1.39)

a

Where u™(&) specifies the nth derivative of Y (&) with respect to ¢ and b, are the IC’s.
Substitution of (1.38) into (1.39) bounces,

b
(&) = (& +49() f KE Oh@u@®de, Y®P0)=b, 0<k<(n-1) (140)

We can without much of a stretch see that the definite integral in the IDE (1.39) includes an
integrand that be contingent completely on t. So we can say that the definite basic at the R.H.S of

(1.39) is identical to a consistent a. As such,
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b
a =fh(t)u(t)dt (1.41)

Subsequently, Eq. (1.39) converts

Y€)= f(§) +ag() (1.42)
Integration of opposite sides of (1.42) n times from 0 to &, and utilizing the endorsed IC’s, we can
find an articulation for Y'(¢) that includes the consistent @ notwithstanding the variable &. This
implies we can compose

Y (&) =v(&a) (1.43)

Substitution of (1.42) into the R.H.S of (1.40), assessing the fundamental, and explaining the
subsequent equality, we decide a mathematical incentive for the consistent a. This prompts the
solution in exact form of Y (¢) got after substitution of the subsequent estimation of o into (1.42).
Recall that this technique drives dependably to the precise solution and not to the form of series

parts.

1.4 Theorems and Definitions interrelated to fuzzy perceptions

1.4.1 Fuzzy number

Any fuzzy number has an option of representation as a fuzzy subset in R. By defining a function
Y: R — [0,1] having a characteristic of being bound, convex and normal. Now taking a set E having
the collection of all fuzzy numbers which have the property of continuity (upper semi) and
compact. The a level set [Y'], where Y is representing the collection of fuzzy numbers, 0 < p <
1, describe as [Y], ={t €R,Y(t) =p}. The convex property hold for U if Y(t) =
Y(S)ANY(r) = min(Y(s),Y(r)),where s<t<r.If 3 t, €R such that Y(t,) =1, then U
becomes normal. U is said to be continuous (upper semi) if forevery e > 0,Y~%([0,a + €)),V a €
[0,1] is open in the typical topology of R.
Absolute value |Y'| of Y € E is describe as
[Y|(t) = max{Y(t),Y(-t)},if t =0
=0,if t <0
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Now its obvious p- level set of U has a property of being close and bound interlude [Z(p),?(p)]
as Y (p) represents the opposite-hand end point while Y'(p) shows the rightward conclusion point
for [Y], both of random fuzzy numbers Y = [Y(p),Y (p)] and v = [V(p),V (p)]

aresame so Y = V ifand only if Y(p) = V(p) and Y (p) = V(p). every y € R

canister be observed as a fuzzy number y represent by

—n (1 if t= y}
y(®) = {0 if t+y
d: L(R) x L(R) = R is a mapping showing the distance between fuzzy numbers and can
be shown as
d(¥,v) = sup max{|Y(p) = V(p)], Y(0) = V(p)l}
<ps<
Where

Y = [Y(p),Y(p)] and V = [V(p), V()]
So,d is a metric on L(R) with the resulting belongings:
1. dY +w,V+w)=d(,V) forallY,V,w € L(R)
2. d(kY,kV) = |k|ld(Y,V)forall Y,V,e L(R)
3. d¥Y +w,w+e) <d¥,w)+dV,e)forallY,V,w,e € L(R)
4

. (d,L(R)) is a complete metric space.
1.4.2 Definition:

Consider f: R — L(R) as a fuzzy valued function f is continuous for t, € R for each € > 0 their
exist § > 0 such that
d((f(t),f(to)) < & whenever |t — t,| < 6

1.4.3 Definition:

consider f: R — L(R) as a fuzzy valued function and ¢, € R than f is differentiable at &,. If 3
f'(&,) € L(R) such that

. f($o+h)_f(fo) : f(fo)_f(fo_h)
(a) ;H&T = = )
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: f( o+h)_f( 0) : f( o)_f( o_h)
(b) Jim FEetelEe = lim LRt = f ()

h-0— h

Theorem:

consider f: R — L(R) as a fuzzy valued function and shows f(t) = [i(t, p),f(t, p)]for each 0 <

a < 1 these are hold- [28]
(a) If f is differentiable (a) in definition 1.7.2, then i(t, p) and ]_f(t, p) are differentiable and
—(1)
FO0 =[f Pen. 7 @)

(b) Conditionally the differentiability of f in (b) in definition 1.7.2, theni(t, p) and f(t, p) are

differentiable and f @ (t) = [7(1)(t, 0), ﬁ (t, p)]
Theorem:

f:R — L(R) be the fuzzy valued function and represents f(t) = [f (¢, p),]_‘(t, p)]for each 0 <

p < 1 followings are hold-
(a) If f and f(Vis have the property of differentiability in the 1% arrangement of (a) in 1.7.2
orif £ and £ have property of differentiability in the 2" arrangement of (b) in 1.7.2, then

—(1) 0 : :
f (t,p)and f_ (t, p) are differentiable

O =[P @)

(b) If £ in (@) and £ in (b) has the characteristic of differentiability in the 1t and 2"
arrangement respectively or If f in (b) and f in (a) has the characteristic of

differentiability in the 2" and 1% arrangement respectively in 1.7.2, then the

—(1) i : :
f (t,p) and f_(t, p) are differentiable.

Theorem:
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A function £ (&) on [0, o] having mapping on R and is represented by [i(f, p), f (&, p)]for any
fixed r € [0,1], suppose z(f, p),j_”(f, p) are Rimann-integrable on [a, b], for each b > a and

lease their exist both the positive M(p),ﬁ(p) such that
b

b
[ |10 a6 < o) ana [[7¢6.plae <Fico)

a

for every b > a. Then f(&) is improper fuzzy Rimannintegrable on [0, o] and then the f(&) is
a fuzzy number. Additionally, we can say

o)

| reoras - fb f(€.p)dE, f 7(,p)d

a

Proposition:

Consider (&) and g(é)be a fuzzy on R and fuzzy Riemann-integrable on I = [a, ©),then f (&) +

g(&) is Rimann-integrable on I = [a, o)

[10@©+g©1as = [ r©a + [ gras

I I

Definition:

The FLT of afuzzy f(t) on R is defined as follows:

oo T

FO) = LF@) = [ et @de = Jim [ e f(Ode
0

0

The sign L is FLT, which turns on fuzzy real valued function f = f(t)and produces f(s) =
L{f (t). And the fuzzy Laplace transform for f(t) can be as followed

f(s,p) = L{f(t,p)} = [{f (& p}, L{f {t. p}]

oo T

Hf(tp} = f e_Stf(t)dt:T“lEo fe‘“i(t)dt
0

0
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0 T

17 Ce.p) = [ e Foyde = i [ e Forde

0
Definition:

Fuzzy Convolution Theorem:

The convolution for both the f and g which are fuzzy real value function defined for t > 0.

(f* )() = f (gt - TYdT
0

Theorem:

Consider f and g defined on R are continuous (piecewise) on [0, o] having exponential order p,
then

L{(f = g)®)} = L{f (©)}L{g()} = F(s).G(s)
1.5 Sumudu transform:

Quite a while prior, differential equations warred a vital part in all parts of connected science and
designing fields. In spite of this, they are difficult to discover an answer, either numerically or
hypothetically for these equations. So as to grow new systems, help in getting careful and surmised
arrangements of these equations is as yet a major issue need new techniques.

Watugula presented another vital change and called it as Sumudu transform. Which is
characterized as:

Watugula presented another vital change and called it as Sumudu transform. Which is

characterized as:F (u) = S[f(t)] = fow%e(_i)f(t)dt

Watugula connected this changes to the arrangement of ordinary differential equations. In light of
its valuable properties, the Sumudu transform helps in taking care of complex issues in connected
sciences and designing arithmetic. Henceforward, is the meaning of the Sumudu transform and

properties portraying the effortlessness of the transform. [12]
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1.5.1 Definition of sumudu transform:

The Sumudu transform of the function £ (¢)is defined by:

—e
u
0

P = s o) = [ e Droa

PG = SUFO = [ fudedr
For any function f(t) and — 17, < u < 1, ’

Theorem

If c; = 0,c, = 0and c = 0are any constant and f; (t), f,(t) and f(t) any functions having the
Sumudu transform G, (u), G,(u) and G (u) respectively then

I Sleifi(0) + c2f2(0)] = 1 S[f1 ()] + 28 [f2(D)] = ¢1G1 (W) + 26, (W)

ii. S[f(ct)] = G(cw)

iii. tli_)n;f(t) = f(0) = Li—% G(u)
Further are worded more, for several functions f(t) defined for t > 0 in the
neighbourhood of infinity.

fim £ ) = lim 6w

Theorem

If S[f(t)] = F(u) and
g(t)={(];(t_r)’ t>1

Then,

slg0] = e Dew)

1.5.2 Some important formula for sumudu transform: [24]
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f(® Gw) =S(f()
1 1 1
2 t u
3 th1 un-1
—,n=20,12,3...
(n _ 1)! ) ) )=y
tn—l
4 F(n) ] n > 0 uTl—l
5 eat 1
1—-au
6 (tn—l)eat 1
m,n = 0,1,2,3 (—aw)n
sinat u
7 1+a2u?
a
1
8 cosat 1+a2u2
9 , u
ePtsinhat A owiiatn?
a
1-bu
10 ePtcosht (1 = bw)? + a2u?)
11 (ebt_eat)’a " b u
b—-a (1-bu) +(1—auw)
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13

14

15

16

17

18

19

20

21

22

23

(bebt—geat)

b—a

,a+Db

tsinat
2a

1 .
cosat — 5 atsinat

tcosat

sinat — atcosat
2a3

atcoshat — sinhat

2a3

tsinhat
2a

sinhat + tcoshat
2a

tcoshat

t?sinat
2a

t%cosat
2

t3cosat

R
(1-bu) +(1—au)

uZ

(1 + a?u?)?

1
(1+a2u?)2
u((1 - a?u?
(1 + a?u?)?

u3

(1 + a?u?)?

u3

(1 + a?u?)?

u2

(1 + a?u?)?

u
(1 — a2u2)2

u((1 + a?u?)

u3((3 — a%u?)
(1+ a?u?)3

u?((1-3a%u?)
(1+a?u?)3

ud((1-6a?u?+a*u?)

(1+a?u?)4

21
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24

25

26

27

28

29

30

31

32

33

34

35

36

2a

t3sinat
24a

at’coshat — tsinhat
8a’

t%sinhat
2a

cosatcoshat

1. .
— sinatsinhat
2a

(sinatcoshat + cosatsinhat)

1
o3 (sinhat — sinat)

1
o2 (coshat — cosat)

1
— (sinhat — sinat
2a(sma sinat)

1
-— hat + t
ca (coshat + cosat)

2(cosat — cosht)
t

(e—bt_e—at)
t

t%cosat

u*((1-a?u?
(1+a?u?)4

u?

(1-a2u?)3

u3((3 + a*u?)

(1 — a2u2)3
1
1+ 4a*u*
uZ
1+ 4a*u*
u
1+ 4a*u*
u3
1— a*u*
u?
1 — a*u*
u
1 — a*u*
1
1 — a*u*

1 (14 ad%u?

u U+ b2u?)

1 1+au)

u " A+bu)

u?((1 - 3a%u?)
(1 + a?u?)3
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Taking f: R — f(R) as a continuous fuzzy valued function and undertake that f(ué)®e~* as an

improper fuzzy Riemann-integrable on [0, =), then [15]

[ rapoeas
0

is called FST and we can represent it as

F(w) = S[f(©)] = f Fu)@edE,  u€ [r1]
0

= 5171 =5[] s @

Important theorems and properties:

As f:R — f(R) isa continuous fuzzy valued function and if F(u) = S[f(&)] then

Fw _ 7 if fis (i)dif ferentiable and u > 0
SUYOI=1 o) (Craw)
- R if fis (ii)dif ferentiable and u > 0

Proof: case (i)
let f is differentiable then

Fu) £(0) _ [s L] O s[F,@] f,,(ﬂ

u L “ ‘ ’ u
=s|[p©]s[F, @]
?_ @ = S[f@©)]

Proof: case (ii)
let f is differentiable then

O (<F@) _ [_ O $[p®] T, s [fp(a]]
. ,

u u u u u

-s[l@]s[7, @)



O (-F@) _

u u

S[FP®]

Theorem:

Let f: R — f(R) is a continuous fuzzy valued function and if F(u) = S[f(x)] then

S (e'af(Df(t)) =

>0

¢ ) au # —1 and -
’ 1+

F
1+ au (1+au au

Proof:

(0]

s(e-af(af(t)) = [ f fo(u§e *EWetde, j E(uf)e-a@%-fdf]
0

0
= [f ]_‘;)(uf)e_a(l"'u)fdf,f E(E)e—a(1+u)§d€]

Now let v = (14 au)é and d¢ =

1+au

So, the equation develops

R
1 + au v,]

So, we have verified that

1
S (e‘“fG)f(t)) “Txau’ (1 —uau)

Likewise, we can prove

1
(eaé;@f(t)) “T-au’ (1 —uau)

Theorem:

consider f: R — f(R) is a continuous fuzzy valued function and if F(u) = S[f(§)] then

s I | f(f)dfl — uF (W)
0



Proof:

Assume function h is differentiable, and

§ §
hy(§) = f fp(£)ds  hy(8) = f f,()d§  hp(0)=0=h,(0), hDE)=f()
0 0

s (hV®) =

HW h(o) _ [s[ﬁp ©] (0 s[h,)] Ep(o>]

u u u u u u

5[@(5)1'5[@)(5)]]

u

u
1 : 1 ‘
= l; Sffp(f)df,acfj]?p(f)df‘
0 0
So, proved

'3
s l f f(f)dfl = uF (W)
0

25
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Chapter No 2
Solution of Fuzzy Integro-Differential Equation with the

use of Fuzzy Laplace Transformation

The concept of fuzzy sets and set operations was first introduced by Zadeh and subsequently
several authors have studied various aspects of the theory and applications of fuzzy sets.
Abbasbandy et. al introduced a numerical algorithm for solving linear Fredholm fuzzy integral
equations of second kind by using parametric form of fuzzy number and converting a linear fuzzy
Fredholm integral equations to two linear systems of integral equation of the second kind in crisp
case Badolian et. al studied another numerical method for solving linear fuzzy Fredholm integral
equation of second kind by using Adomian method. Moreover, Friedman et. al investigated an
emending method to solve fuzzy Voltera and Fredholm integral equations. However, many other
authors obtained the numerical integration of fuzzy valued functions and solving fuzzy Voltera
and Fredholm equations. The concept of fuzzy Laplace Transformation was introduced by
Allahviranloo, Ahmadi After many other researchers use it to solve fuzzy differential equations,
fuzzy integral equations etc. Some authors discussed the solution of fuzzy integro-differential
equation by fuzzy differential transform method in their research paper. [16,19,20]

In this section we examine the strategy for explaining fuzzy integro-differential equations under
certain condition by utilizing fuzzy Laplace transform. And will see the different results and their

behavior at long last we will give some illustrative numerical examples. [17,18]
2.1 Main Construction:

The general Volterra integro-differential equation is [7,13]

'3
YnE) = £(6) - j k(€ - OY(Ddt @.1)
0

with

rk(0)=a=(d"a");0<k<n-1
the nth derivative of Y is denoted by Y™.
By applying fuzzy Laplace transform on both sides of (2.1),
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3
LIY™(§)] = L[f ()] - L[f k(§ — )Y (t)dt (2.2)
Use of FLT and some of its properties will give u
3
sL(Y(8)) — sV (0) — s Y D (0) v v, =Y PD(0) = LIF(E)] - L] f k(& — )Y (t)dt
0
S"L(X(P)) = 5" ap = 57720y =1 (0) = L{F(E P} + LIK(E ILIX(E: )]
0<p<1
(2.3)
Where,
Y(0) = a,,Y'(0) = ay, LYTH0) = An-1 (2.4)
s™L (7(5. p)) — s"718, = SV e =01 (0) = L{F (€, p} + L[K(E; p)ILIY (€5 p)]
Where,
Y(0) = a,,Y'(0) = ay, .. Y" 1(0) = a,_1(0)
0<p<=<1
(2.5)

Now we discuss the following cases
Q) if Y(&; p) and k(&; p) both are positive
L[k p]L[Y (& p)] = L[k p)]L[Y (0]
L[k LY (& p)] = L[k(& p)]L[Y (& p)]
(i)  ifY(¢; p) is negative and k(¢; p) is positive
LIk LY ] = LK LY p)]
LIk pL[Y (& p)] = L[kE 2] L[Y (& p)]
(iii) if Y(&; p) is positive and k(&; p) is negative
L[k LY (& p)] = L[k(E p)] L[Y (& p)]
L[k p)|L[Y(E p)] = L[k (& p)|L[Y (& p)]
(iv) if Y(&; p) and k(&; p) both are negative
L[k(& p)]L[Y (& p)] = L[k (& p)]L[Y (& p)]
LIk IL[Y € )] = L[k pIL[Y(E: )]
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We will explore the (i). All the other cases are same.[25]

S*L[Y(E )] = s"Hag = 5™72y v ney = L{f(E p)} + LIK(E WLV (E )]
0<p<1
(2.6)
and,
SML[Y (& p)] — $" Ty — "2y o~y = L[F (& p)] + L[RE DIL[TE )]
(2.7)

by simplification

S*LIY(E )] = LK(E LY (E p)] = L|F (& p)| + 5" ap + 5720y oo+

SPLIY(E ] (1 - L[k )]) = L[F& ]+ 5" ag + 5™ 2y oo Hayes

(2.8)
Similarly,
S"LIY (& p)] = L[K(E p)|L[Y (& )] = LF (& p)] + 5T + s™7201 oo 48y
SPLY(E p)](1 = L[k(E p)] = L[F(& )] + 5" + $"72E; ... 4Ty
In compact form:
LY &) L [}_C(E; p)] + Sn_lﬂ +5"72a1 e Gy
el = GEPTGD))
0<p<1i
And,
_ LIf&p)] +s™ 1 a + s™72a7 e A0y
LY )| = —
"ol G = LRE )
0<p<=<1

Now applying the L~ on the both sides of the equation above equation. we can without much of

a stretch get the estimation of Y'(&;p) and Y(&,p) where0 < p <1

Numerical problems

Example 2.1: The FVID equation is
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'3
YO(E) = (p+ 2,4 — p)§ + f & - DY (©)dt

Y(0) =(p+13—-p);YP0) = (0,2 — )
(2.9)

The use of fuzzy Laplace transforms on (2.9) will give us
LY@ (@] = Ll(p + 2,4 — p)§] + LIEIL[Y ()]
SPLY (D)} = s(Y(0)) =Y (0) = L{((p + 24 — p)§)} + LEIL{¥ ()} (2.10)
SPL{Y(E )} = L{(p + 208 + LIEEL{Y(Ep)} +s(o+ D) +p
Y0)=p+1,YD0)=p (2.11)
SPL{Y (& p)} = L{(4 — P&} + LIELY & )} +5B - p) + (2 - p)
Y(0)=3—p,YD(0)=2-p (2.12)

By simplification of (2.11) and (2.12)

¥} = 0+ 2 (5)+ 0+ D (35) +0 (55)

(2.13)

_ 1 3 2
LF &) = (- )+(3—p>< : )+<2—p)( : )

st—1 st —1 st—1
(2.14)
Now by applying the inverse fuzzy Laplace transform one two sides of the (2.13) and (2.14)

1 3 2
LY@ )] = 1 [(p +2) () + o+ D) (Sf_ 1) +p (sf_ 1)]

3 2
L [LFE )] = L7 [(4 ) (=) + G- (sf_ 1) +@2-p) <Sf_ 1)]

Gives,



Y&p)=(p+ 2).% (sinhé — siné) + (p + 1).%(cos€ + coshé) + (p)(siné + sinh&)

Y(t;p) = (4— p).% (sinhé — siné) + (3 — p).%(cosf + coshé)

+ (2 — p)(siné + sinhé) 0<p<1

Graphical interpretation of 2.1

30
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Chapter No 3
Use of sumudu decomposition method for solution of

different Volterra integro-differential equation

This technique is to acquire approximate solutions for nonlinear scheme of VID equations through
the assistance of SDM. The procedure depends on the use of Sumudu transform to nonlinear
coupled VID equation. Nonlinear part of the equation can be solved with the use of Adomian
polynomials. We represent which were gotten with the assistance of Adomian decomposition
method method(ADM).

The linear and nonlinear Volterra integro-differential equations emerge in numerous logical fields,
for example, the populace dynamics, spread of pandemics and semiconductor gadgets. The
researchers in various parts of science have been attempting to take care of this sort of issues; be
that as it may, finding a correct arrangement isn't simple because of the nonlinear piece of these
sort gatherings of conditions. Distinctive analytical techniques have been produced and connected
to find the solutions. For instance, Adomian has presented a supposed decomposition method for
the solution of arithmetical, differential, integro-differential, differential-deferral and partial
differential equation. In the nonlinear case for ordinary differential equation and equations which
depend more than one variable, the technique takes the benefit of managing specifically by the
problems. Such conditions are illuminated deprived of changing them to equivalent form which is
increasingly simple. The method minimizes linearization, perturbation, discretization, or any
nonreal supposition. It was additionally proposed in that is the repeated terms show up only for
inhomogeneous equation. Therefore, furthermost as of late Wazwaz built up a vital condition that
is Fundamentally expected to guarantee the presence of "noise terms” in the inhomogeneous
circumstances. The vital change has been utilized to explain a wide range of sorts of differential
and integro-differential equations. For comparative issues, Sumudu transform was acquainted and
further connected with a few ODEs just as PDEs. [9,13,14]

There are some important and interesting properties we will discuss below.

(o) (o8]

f) = Z a,t™ then F(u)= Z n!a,u™ (3.1)
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the close association between STD technique emerging for getting the solution of nonlinear VID
condition is illustrated. [22,23]
Amid the investigation, we use the same transform which is characterized over the arrangement of

the accompanying functions:

A= {f(t): IM, 117, > 0,|f(1)] < Me’_f, if te(—=1)/ x [0, oo)} (3.2)

Use of given property

G(u) = s[f(t); u]

= f f(ut)e~tdt,u € (1175)
0

3.1 Main Method:

We consider general nonlinear Volterra integro-differential equation:

ary
démn

£
=f(&) + f k(€ —t)F(Y())dt (3.3)
0

For getting the solution of nonlinear VIE by the use of Sumudu transform technique, it is needed

to use Sumudu transforms of “— . So, the results will be given below as

agn
d" 1 1 1 Y®-D(o
s[Ga] = s @1 - 2@ - v - - 2

(3.4)

Applying Sumudu transform to both sides of (3.3) gives

1 1 1 Y10
SO = =¥ (0) = =YV (0) - - %
=S[fO] +uS(k(E —O)SEFX @)

(3.5)

By arrangements we have,
SY(] = uS[F (O] + Y(0) +uy'(0) + -+ u"1¥"=1(0)
+u S(k(E —0) S(F(Y(®) (3.6)

The next step of is to compose the results in the form of infinite technique that is
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YED =Yy +Y, + Yy + ¥y o Yoo

YED = ) K 3.7

And the nonlinear part will be handled in such a way

FO@) = ) A (3.8)
i=0

Where A; are Adomian polynomials of Yy, 13, Y, ..., ¥;, And they can be calculated by the following

formula:
1d O, _
A= Tdn F(Zl Y) , 1=012,...

(3.9
And the solution for all the Adomian polynomials A,, for every arrangement of nonlinearity can
be estimated by General formula (3.9) can be easily utilized. supposing that the nonlinear function
is F(U(§)), that’s why, by using (3.9), Adomian polynomials can be derived as
Ay = F(Yo)f A = YlF,(yo)
1
A, =LF' (V) + EYEF”(YO)
! 144 1 nr
A3 = GF'(5) + HGF" () + S EF" (1)

1 1 1 .
Ay = GF') + (55 + 60 ) F(5) + 02 BEY (1) + 2 (K,

(3.10)
Substitution of (3.7) and (3.8) into (3.6) yields
SDY K@) = u"SIFO] + Y(0) +ur'(0) + -+ u™¥"(0)
+umtt k(€ — t))S([Z A)] 3.11)
i=0

By comparing the both sides of (3.11) and utilizing standard ADM we will have

SV ] =uS[f(] + Y(0) +u¥'(0) + -+ + u""1¥Y"7(0)
(3.12)

SO =utS(k(E—1) S(40(5)),
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SLE O] = u™t S(k(E - 1) S(41(D)-
More generally way, we have
SOl =u" S(kE - 0) S(4:(©) i =0
Combined STAD method for getting the solution of nonlinear VIDE of the 2" type will be

exemplified by reviewing the succeeding case.

Numerical problems:
Example 3.1
The nonlinear VIDE is given below.

3

Y®(x)=-1- % (siné + sin(2¢)) + cosé + f sin(é —t) Y2 (t)dt
0
Y'(0)=-1,Y(0) =1 (3.13)

By applying Sumudu transform to both sides of (3.13) we obtain

%S[Y(x)]—izm)—ly(ﬂ(m=—1—1( CE L —— )+ s
u u u 3\14+u? 1+4+4u? 1+u?/ 1+4+u?
(3.14)
Or equivalently,
3 3 2 4
S©1 = 1-u-u ~3 (o + o+ o)+ SO
(3.15)

Putting the values for Y(s) and Adomian polynomials for (Y2(t)) in (3.14) and (3.15),

respectively, by utilizing the recursive relation equation (3.15), we will get

S[rl=1 L + 2w + W 3.16
Ol=l-u—w - Tt Ty T1r e (3.16)
Recall that Adomian polynomials for F(u(x)) = Y2(x) are given by
AO == YOZ, Al == ZYOYI,
A, =2YY, + YE, A =2YY3 + 2V, (3.17)
Taking inverse sumudu transform on (3.16) and it will give us
1 1 1 1 1 11
Y, =1 g2 g3 T 4 5 6 __ 7
o) Tt e T2 T20° T360° “S0a0c T
1 1 1 1
Y =—&t - & &4+ —¢&7 3.18
@) =528 "50° ~720° 502t (3.18)
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we obtain the series solution as follows

1 1 1 1 1 1
VO = (-8 +58 -8+ )= (1 + 8 -+

(3.19)
The exact result is specified as
Y (§) = sin($) — cos($) (3.20)
In the next problem, we apply the combined STAD method.
Graphical iterpretation of 3.1
3.2 The nonlinear VIDE of the 1% kind
¢ ¢
Jkl(f —OF(Y(®))det + f ky (€ — Y™ (t)dt = f(§) (3.21)
0 0

Applying Sumudu transform on (3.21) we will obtain
§ k() * F((N)) + S (&) * Y™(9) = S(F(£) (3.22)
uky (WSF((Y($)))) + uk, WS((r*(§)) = Fw)S[Y (x)] (3.23)
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) (F(u) + kWP (w) — uk, (WS (F(Y('f)))>
- (3.24)

ko (w)

Where

1
Y = =
We can apply Adomian decomposition method to handle (3.24) Substituting (3.10) and (3.11) into

(3.24),

(3.25)

0]

un 1
Z ro1 =Y 0 s ) 4 ot w110y — w18 (

O w®\|£
(3.26)
The use of the following recursive relation will give us
%) = T2 L y(0) + ur'(0) + -+ umY(0) (3.27)
oo kq ()
Yier1(8) = —u" =S (Ay, k>0 (3.28)
ka(w)
Example.3.3
The nonlinear VIDE of the 1% kind is assumed below solving by the combined STAD
method
¢ ¢

1 1 1
f(f — )Y2(t)dt + f e YD (t)dt = -7 35+ xet +Ze25 ,Y(0) =1
0

(3.29)
By applying Sumudu transforms to both sides of (3.29), we have
1—-u 1 u u

S(Y(f)) =1 —T—Eu(l - u) +m+ 1 —m—uz(l - U)S[Yz(f)]
(3.30)

The series assumption for Y'(¢) and Adomian polynomials for Y2(£) in (3.30) gives

_ 1—-u 1 u u

S(Yo(f))— 1-— 4 —Eu(l—u)+m+1—m (331)
S(1e1(9) = —w2(1 = w)S[r*(9)] (3.32)

By inverse Sumudu transform for the both of the sides of (3.31) and with the help of recursive

relation equation (3.32) give
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() = 1+f+52+%g3+ég4+igs+...

24
G A S
1 1
Yo (x) = ﬁf“‘ + %55 + (3.33)
The series solution is given by
1 1 1
Y(§)=1+§+z§2+§€3+a§4+--- (3.34)

And the exact solution is
Y(x) = ef

Graphical interpretation of 3.3

3.4 System of nonlinear VIDE.
In the study of this part, we will examine frameworks of nonlinear VIDE for the 2" kind by
combined STAD method. Consider frameworks of nonlinear VIDE for the 2" type as pursues:
¢
O = O+ [ (K - OR(r®) + R - 96, (V(©), ) e,

0
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¢
V) = () + f (K26 = OR(Y(®) + Ro(§ — 06, (V (D)) dt.

0

(3.35)
Applying Sumudu transforms to both sides of above equation, we have
1 1 1 Y‘Tl—l(o)
u—nS[Y(s‘)] — FY(O) - == Y'(0) — - —

=S[A@]+ Sk (&) * F(Y(®) + R, () * G, (V(§))

Vn—l(o)

1 1 1
u—nS[V(f)] - JV(O) =4 0)—-—

= S[L(O)] + S(K(8) * F(Y(®)) + Ry(8) * G(V () (3.36)
After rearrangement, we get
SY (@] =Y(0) +uY’'(0) + -+ uY"1(0) + u™S[fL(E)] + S( k(&) * Fy (Y (1))
+ Ry (&) * G, (V(x))
SWE] =V(0) +uV’(0) + -+ u™ W 1(0) + u"S[£(O)] + S(K (&) * F,(u(®))
+ R2(§) * G2 (V(9) (3.37)
To defeat the trouble of the relations involving the nonlinear Fi(Y(E)),i = 1,2,we use ADM for

solving (3.35) and (3.36). For getting our solution, firstly we introduce linear terms Y ((¢) and V

(&) in left side with the help of infinite series of components.

YO=)%E, VEO=)V© (3.38)
i=0 =0

Also, the nonlinear part F;(u(€)) in the right side of (3.35) and (3.36) by

F(r@®) = z Ay
n=0

1 qn =
A =——[F() A7) (3.39)
=0 A=0

Where Adomian polynomials An, n>0, can be obtained for all forms of nonlinearity. Substituting
(3.38) and (3.39) into (3.35) and (3.36) leads to
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S =Y(0) + uY’'(0) + -+ u" 'Y 1(0) + u"S[f1 ()]

iri(f)

+ us( Kl(f))5< z A, ) +unrs( Rl(f))5< Z A, >
n=0 n=0
(3.40)
S| V@ =V +ur'©) + -+ w W) +wnSI£E)]
+ us( Kz(f))5< Z B, ) +uns( RZ(E))S< Z B, >
n=0 n=0
(3.41)

The recursive relation helps to obtain these results
S[()] = Y(0) +ur’(0) + - +u" 'Y (0) + u"S[f1(£)]
S[Wesr ()] = u"S (K1 (9))S (A1) +u"S(R1(9)S (Ai)
SVo(O)] = V(0) +uV'(0) + - + w1V 1(0) + u"S[f2(£)]
S[WVis1()] = uS(K2(8))S(By) + uS( Ry (£))S (By) (3.42)
The combined STAD method for the solution of systems of the Volterra integro-differential

equations of the nonlinear type will be clearer by understanding the given below example. [27]

Example 3.4.
Use CSTAD method for solving given Volterra integro-differential equation
¢
Y@ () = gef —e% — %e“f + f es~H(Y2(0) + V2(1))dt
0

¢
2 1
V@ (§) = ges‘ +3e% + §e4f + f esTtH (Y2 (1) — V3(®))dt
0

Y(0)=1,YD0)=1V(0) =1VvD0) =2
(3.43)
Taking Sumudu transforms of both sides of (3.43), we obtain
7u? u? u? ( u3

Y@ =1+ut s 5" 020 3040 \T—-u

) S[r2(x) + V2(x)],
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V) = 1420+ 2y 3 () spee) - veee)
WEitrTal T3 T -20) 301-4w) \1-u § ¢
(3.44)
By using (3.39), we have
Vo) =1+ ut =" v v
AW =AU 0 (=2 3(1—4u)
u3
Vi (w) = <1 — u> S[Ax(§) + Br($)],
Vo) = 14+ 2u + 2y 3 v
=TT T A -2w  3(1- 4w
u3
Viers () = (1 - u) S[4k(©) ~ Bi(®)] (345)
Recall that Adomian polynomials for Y'2(¢) and V2(&) are given by
AO = Y'02, A1 == ZYOYL
A2 = ZYOY.Z + Yiz, A3 = 2YOY3 + 2Y1Y2,
BO = VOZ, Bl = ZVOVI,
BZ = ZVOVZ + Vlz, B3 = 2VOV3 + 2V1V2' (346)

the inverse Sumudu transform of (3.44) and with the help of recursive relation equations (3.45),

( ) = ( + +_! +_! +_! + ...)’

V) = (142645287 + 3287 + 2D + ).
(3.47)
Then the solution for the above system is given by
Y(§) =ef V() =e* (3.48)



Graphical interpretation of 3.4

41
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Chapter.04
Use of Sumudu Decomposition method for solution of

fuzzy Integro-differential equation

4.1 Analysis of method

Consider a Volterra integro-differential equation [13,14]

'3
YnEp) = F(Ep) + f k(€ — O Y (6 p)de @.1)
0

Yk(o) = 5 = (Bk:ﬁk); 0<ksn-1

By taking sumudu transform on (4.1) of equation

¢
S[Y"¢, p] =Slf¢p]+S f k(-0 Y(t p)dt} (4-2)
0
This will give us,
1 1 1 Y ®=1(0, p)
=S ==Y (0,p) ==Y P(0,p) =+ - ————
¢
=S[f¢&p]+ S J k(-0 Y(t, p)dt] (4-3)
0
1 1 1, Y*=(0, p)
=S E P - X(0.p) — =Y (0,p) = ==
= 5|f & )| +uSk(§ - OISV (E, 0)] (4.4)
—(n-1)
1 1_ 1 — Y (0,p)
—S[EN] =~ =T(0.p) ~ =57 (0.p) == ———
= S[f (& p)] + uS[k(¢ — DIS[Y (&, 0)] (4.5)
Note that
Y(0,p) = po, Y(0,p) = p; ... . Y"1(0,p) = pn-1
Y(0,0) = Py YD(0,0) = P, oo Y0 =7,

Equation (4) and (5) becomes
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1 1 1 Pn-1
=S P) ~ o~ o — = = = S[£ )| + uSTKE ~ OISV, p)
(4.6)
s L Pros _ 57 S[k S[Y
= S[YE.P] — =Py — g Py — = 2 = S[F (€, p)] + uS[k(E — ISV, p)]
4.7
The following cases can be discussed
Q) if Y(&; p) and k(¢; p) both are positive
S[k(, pISIY(E, p)] = S[k(S, p)IS[Y(S, p)]
S[k(E p)|S[Y (& p)] = S[k(E p)]S[Y (& p)]
(i) if Y (&; p) is negative and k(¢; p) is positive
S[k(E, PIS[Y(E p)] = S[k(E p]S[Y(E, )]
[k, mIS[Y (S p)] = S[KE PIS[Y(E, )]
(iii) if Y (&; p) is positive and k(&; p) is negative
S[k(E MISIY(E p)] = S[k(E, PIS[Y(E )]
S[k(€ p]S[Y ()] = S[k(E p)]SIY(E, p)]
(iv) if Y(&; p) and k(&; p) both are negative
S[k(,MISIY &, Pl = S[kE,P]S[Y(E p)]
[k, mIS[Y . p)] = SIkE PISXE )]
We will explore Casel and remaining are same
After simplification (6) and (7) becomes
S[X(E )] = po = ups = -+ = w" Py = wS [F(€, p)| + w1 S[k(E, ISV (£, p)]
(4.8)
S[YE p)] =P, —up, = —u"'p,_, = u"S[f (& p)] + ur*S[k(E, 0)]S[Y (€ p)]
(4.9

After simplification,
S[Y (o] — u™ S[k(E IS p)] = uS [F(£,p)| +po + upy + =+ U™ 'Puy
(4.10)
S[YE p)] — u™1S[k(E, p)|S[Y(E p)] = unS[f(E,p)] +up, + - +u" P,
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(4.11)
Equation (10) and (11) will give us
Sy B u"s []_‘(E,p)] +potupr+ -+ utpn
= sl o))
(4.12)
_ unS[?(f, p)] + up, +--+u""'p
S Y-( ) ) — _ n-—1
&) A —ws|(kG —0))
(4.13)

By taking the inverse sumudu decomposition method we can get the value of Y'(¢, p) and Y (¢, p)

Now by decomposition method,
iﬁ(f,p) =Y, 0) + Y6, 0) + Yo (&, p) + -+ Yo (&, p)
And -
iﬁ-(f,p) =Yo(&,p) + T1(E,p) + Vo (&,p) + -+ T (£, p)

We can write as

Where,
S p)] = uS [£(&,p)] +po +upy + -+ u"p,y
S[LE ] = w Sk - O1S[%E,p)]
S[KE )] = u sk = DISME p)]
SR p] = w1 Sk = D1 Va1 0)]
Similarly,

S[¥o(&,0)] = u"S [£(&,p)] + po +upy + -+ u" 'py_y
S[Y1(& p)] = u™iS[k(E — )]S[Y (€ p)]
S[Y2(& p)] = uw1S[k(E — OIS, p)]
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S[Yn(§ p)] = u*'S[k(§ — OIS [Yo-1(6,0)]
For nonlinear we will use adomian polynomials for nonlinear portion,
Ao =Y,> , A, =2Y,Y;
A, =2Y, Y, + 1,2, A3 =2Y, ¥; +211Y,

Then the equation will become,

5

DK p)] = po = upy = = u T py_y = WS [£(E )] + S |G - 0ISLY 41y
i=0 j=1

(4.14)

o)

S| Vi p)] =By — B, — = w7, = unS[F(E p)] +um S k(s - t)]S[Zl Ais
=

i=0

4.2 Numerical Examples

Example 4.1

A linear fuzzy integro-differential Equation is
¢

YO(E, p) = F(€p) — f Y(t, p)dt

0
(4.15)

With conditions, Y (0, p) = (0,0), where
A=10<t<§0<p<1,K(E D) =1,

f& p) = ((p* +p), (5—p))

Solution:

To solve Equation (4.15), for fuzzy integro-differential



(

\

( '3
YD (g, p) = (p? + p) —f

0
§
| J

rO¢.p=6-p

Applying Sumudu transform on (4.17)
(

\

This will give us

|

SLlrRr|rm

On simplification,

S[YOE p] =SW(p2+p) -8

SYEpI=s((5-p-S

¢
YO@E,p) = f(€,p) - f Y (¢, p)dt
0

'3
YD(E,p) = F(£,p) — f Y, p)de

1
s (X.(60)=2Y(0.0) = (0 +p) —us (Y.(£,0))
5 (V&) -210.0 = (5 p) ~us (T(&.0))

{s(z( £,0)) = ulp? +p) - u?S (Y.(£,p))

s(F&m)=u-p)~ u?

Taking inverse transform on two sides of equation (4.20)

(4.16)
Y (t,p)dt
Y (t,p)dt
(4.17)
§
f Y (t,p)dt
0
§
f Y (t,p)dt
0
(4.18)
(4.19)
s (Y&m)
(4.20)

46
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{Z( §,p) = S (w(p® +p)) — STTWAES(Y (&)
Y, p)=STG-p)- SHuSY(E p)

(4.22)
Now Applying Decomposition method for ¥ (¢, p),
YO = E(az + a),
h=S5TarSEP+p)),  h=-S(?+p)
_ o=1(,,2 f 2 _ f_s 2
L=8s7ws(50 +p)) =50 +p)
— -1 2 f_s 2 — _i 2
b=8TWs(H0 +p)) B=—==(0"+p),
Similarly, for Y (¢, p)
Yo =$¢(G—p),
10,2 g
n=S8tus@EG-p)  h=-36-p),
1 2 53 55
L= (us|-5G-p) L=76-p),
§° §7
v = 5‘1(u25<§(5 —p)>, z=—-705-p)
Thus, by utilizing above iterative results the series form solution is given as
§° §° §7
Y&, p)= &G -p) —;(5 - p) +§(5—p) —7(5—p)+----
3 5 7
Y€, p)=&G-p) —5(5—/0) +§(5—p) —ﬁ(S—p)+ -----
(4.22)
And the exact solution is given as
{Y(f, p) = sin&(p* + p)
Y (&, p) =sin(5—p)
(4.23)

The equation number (4.23) is representing the exact solution of (4.15). it can be observed more

accurately by its graphical interpretation.



Example.4.2

Graphical interpretation of 4.1

Consider the following fuzzy Volterra integral-differential equation

r®(0) =

( '3

YOEp) =(p—1) + f Yt p)dt
Of

Y@ p) =1-p)+ j Yt pydt

\ 0

0=7(1)(0);0SpS 1,0<t<é, &€[01]
(4.24)

Applying sumudu transform on both sides of the equation (4.24)

(

&
SAOEP) = 5(G - 1) + 51 Y& plde

0
§

ksﬁ“)(a p) =51 - p) + ST Tt e

0
(4.25)

48
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~S () =S (0,p) = (p — 1) + uS[Y (£, p)]
~S(Y (£,0) =25 (0,p) = (1= p) + uS[V (£, p)]

(4.26)
Arranging the equation (4.26)
SY (& ) =ulp—1)+u?S[Y(§ p)]
{5(? (€.p) =u(l - p) +u>S[Y(,p)]
(4.27)
Applying the inverse sumudu transform in (4.27)
Y (&) =" (ulp - 1)+ (uS[rE p])
{7 (& p) =8 - p) + S (u?S[Y (& p)])
(4.28)

{Z (€,p) =S (ulp — 1)) + S (uS[X(§,p)])
Y (§,0) =S (1 —p)) + S (u3S[Y (€, p)])
Now by decomposition method

Y, Gp)=35p-1
% () =¢1-p)

3
Y G p) =5 (wS[hEn)]) ¥ Ep) = % (b—1)

3
Vo) = s Ws[Fae ), B (6p)) = (1 p)

5
Y (& p) =S (uS[hE m]) Y ,Ep) = % (p—1

5
Y, (€,0) = STHu2S[Y1(E,p)]), Y2 (E,p)) = %(1 - p)

Y En =S SBEN], Y60 =5 (- 1)
7
(&) = s (wS[Vs(E0)]) (6 0) = %(1 - p)

Then the solution in the series form will be

Y X ER =Y ER+LERN Y EP)+Y (Ep)+

i=0



3 5 7
= Ep- D+ (=D (- D+ (= D+

Similarly, for Y (¢, p)

3 5 7
-t E At

And the exact solution is given as

Y (¢,p) = (p — D)sinht and Y (&, p) = (1 — p)sinht

Graphical interpretation of 4.2

Example.No0.4.3

Consider the following fuzzy Volterra integro-differential equation

( 3
YO, p) = (p+ DA +6) + f Yt p)dt
{ Of
TVEn = -0+ + [T
\ 0

—(1
YO =0=7"030<p<1,0<t<é ¢e[0]]

(4.29)

50



Applying sumudu transform on both sides of the equation (4.29)

.

\

u

Arranging the equation (4.30)

§

SAOEp) =S+ DA+ ) + 51| Yt e

0
§

ST ) =5 -1 +6) +51| Tplde

0

=S ) — 2SI (0,0) = S((p + (1 + &) +uS[Y(E,p)]
~SY(€,p) — ST (0,p) = S((p + DA +&) +uS[Y (¢, p)]

{S(Z & p) =ulp+D+u?(p+1)+u’S[Y( p)]
S §p)) = ulp — 2+u*(p = 2) +uS[Y (5, p)]

Taking the inverse sumudu transform of (4.31)

{Z & p) =S ulp+ D)+ W (p+ 1)+ (u3S[Y (&, p)])
Y (&) =8 ulp—2) + 8 (w?(p—2) + S (u3S[Y (£, p)])

Now by decomposition method

2

Y0 = £+ D+ oo+ 1)

2

Yo () =élp—2)+5(p—2)

4

3
Y. Gp) =5 S[LE]) ¥ ,Ep =% (p+1)+ %(p +1)

Y, (€,p) = ST (u3S[Y,(&, p)]),

Y (& p) =5 (wS[h p)]),
Y, (€,p) = STH(uS[Y1( p)]),
Y. (€ p) =S (w*S[(E p)]),

Y; (§,p) = S7H(uS[Y3(¢,p)]),

— & &*

Y; €,p)) —g(p—Z)+Z(p—2)
& &°

Y. &p) =T (p+1)+ a(p+1)
5 6

Y, (£,p)) =% (p—2)+ %(p—Z)
&7 &8

Y. .&np) == (p+1)+ §(p+1)
&7 &8

E(f,p))=ﬁ b=+ 5 (-2

(4.30)

(4.31)

51
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Then the solution in the series form will be

DX ER =Y ER+LERN+E P +Y (Ep)+
i=0

= f(p+1)+";—2!(p+1)+§—3! (p+1+ %(p+1)+i—j (p+1D+ %T(p+1)€7—: (p+1)
n S;_T(er 1) + - (4.32)
Similarly, for Y (¢, p)
=€(p—2)+i—2!(p—2)+s;—3! (p=2)+ i—j(p—2)+i—? (p=2)+ S;—?(p—Z)S;—j (p—-2)
n S;_T(p_z) ¥ o (4.33)

And the exact solution is given as,

YEp)=@+DE*—DandY (§p) = (p—2)(e* - 1)

Graphical interpretation of 4.3

Example.No.4.4

Consider a Volterra integro-differential equation



'3
Y®(£,p) = f (£ p) - f (€ - O (t, p)dt

(4.34)

With conditions,
u(0,p) = (p+1,3—-p); u®(0,p) =(p,2-p)
A=10<t<§0<p<LKEt)=(E—-1),
Solution:
To solve Equation (4.34) for fuzzy-integro differential

( '3
YO = fE0) - [ € - O (e pe
0

¢
TG = f60) - f & — T p)de
0

(4.35)
( ¢
Y@, p) = (p + 2)¢ - j (& — DY (¢, p)dt
0

&
YOE p) = (4 - p)é - f & — DTG p)de
\ 0

(4.36)

Applying sumudu transform on both sides of equation (4.36)

( 4
s(rO€.n) =5 +2 -5 [ - oo
0

'3
STDE p)) = S(4—p) - § f & — T p)de
\ 0

(4.37)

This will give us



( 3
S SUER) ~ Y (0.0) — Y D0,0) = (57 +p) —us [ (¢ - O (e )t
< ¢
isof(g )—iY(o )—lY(l)(O =G-p)—uS - Y d
= )=z Y(0.p) —— p)=06B-p)—-u f(f )Y (¢, p)dt
0

(4.38)
After simplification,
{so«am)=u%p+m+up+@+1+u%(nam)
SYE p)=uw@E-p)+u-—p)+@B-p)+u*s¥ )
(4.39)

Applying inverse sumudu transform on (4.39)

{Y(E, p)=STwWp+2)+ S wp)+ STHp+ 1) - SIS (Y(E. p))
Y,p) =SSl -p)+S7T2-p)+ STB-p) - STHuSTE p)

(4.40)
Now Applying Decomposition method for Y (¢, p), [29]

3
h=50+D i+ + )

& &7 & &
Y1=5‘1<u45(§(p+2)+5p+(p+1))>, h=or(p+ 2D +gptpe+1)

7 5 4 11 9 8
Y =S‘1<u45(%(p+2)+%p+%(p+1)> Y =%(p+2)+%p+%(p+1)

Similarly, we can find E(f, p),ﬁ(f, o)

N K 0) = XoEp) + aEp) + Ly (E )
i=0

5 9 4 8
- <f+%+%+---..>p+<1+%+%+'"-->(,0+1)
53 57 511
+ <§+;+E>(p+2)+

(4.41)

Now for Y (¢, p)

3
Yo=%(4—,0)+f(2—/3)+(3—;0)

54
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n=siuts(fa-p+i2-p+G-p),

§7 & §*
h==@-p+5;C-p+,;B-p)

2 =5—1<u45<i—f(4—p)+§—f(2—p)+i—‘j(3—p)>,

11 9 8
Yz=%(4—p)+%(2—p)+%(3—p)

Similarly, for Y; (¢, p)
DT =HiEm) + T + T )+
i=0

5 9 4 8
B RN A TR PPN A T

9! 4! 8!
63 57 511
+(§+H+E.....>(4—p)+'“

And the exact solution is given as
1 1
Yé&p =@+ 2)5 (sinhé —siné) + (p + 1).5 (cosé + cosh&) + (p)(siné + sinhé)

— 1 1
Y& p)=04l- p).z (sinhé —siné) + (3 — p).z (cosé + cosh&)

+ (2 — p)(siné + sinhé)

(4.43)

The graphical interpretation of the above exact solution is given below which is showing the
behavior of our solution. [16,21,26]



Graphical interpretation of 4.4

Example.4.5

Consider a nonlinear fuzzy Volterra integral differential equation

3
YO (E, p) = £ (£ p) j Y2(t, p)dt

0

(4.43)
With conditions, Y'(0, p) = (0,0), where

A=1,0<t<§{0<p<1,K(Et)=1,ie
f&p)=0p7-p)

Solution:
Applying sumudu decomposition on both sides,

To solve Equation (4.43), for fuzzy-integro differential

56



(

'3
YO(E,p) = F(,p) f Y2(t, p)dt

f
TG = 1600 - f Y20, pyde

(
Y&, p)=p - sz(t,p)dt

0
§

YOG ) =7-p- f Y200, pyde

Applying sumudu transform

This will give us

LS(r(Ep) —2¥(0,0) = () —uS (&, p)
LSAER) —,1(0.p) = (7= p) ~uS(¥F2(E,p)

\ 0
on both sides of equation (4.45)

.

\

{smf, p) =up— uES(r’(,p)

SEEp) =u(—p)— u?SY2(E,p)

Applying inverse sumudu transform

{r(f,p) = $7Y(up) — S~
Y p)= S (@ —p)) — STHuAS(Y?(,p))

For nonlinear portion,

'3
SYO(E,p) = 5(p) - § f Y2(t, p)dt
0

¢
SADEp) =57 —p) =S f T2, pydt
0

L(u?s (Y-ZM)
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(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)
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Ay =Yy" , A =211
A, =2Y, Y, + Y42, A3 =2Y, ¥q +211Y,
For Y (¢, p)

% p) =$p
Y p) = ST uS(k(§ — 0)S(4o(£)
Y p) = ST uS(k(§ — S

4

hEp =
h(Ep) = ST S ((E — DS (A1)
H(Ep) = ST uPS(k(E ~ DS, )

_
LEp) =55p

Similarly, we can find 5(5, p),ﬁ(f, o)
D HER) = HEp) +REP) + B+
i=0
_ 54 7 7
=Sptoptoptt
(4.50)
Similarly, for ¥;(¢, p)

Yo(§,0) = §(7 - p)
1(§,p) = ST uS (k(§ — ©)S(Ao(§)

K p) = ST (WS (k(E — )S((E(7 = p)?)

4

Vi6p) =+ (7 - )

(§,0) = ST WS (k(§ — ©)S(AL(§)

Y(§,p) = ST WPS(k(§ — )S(2NTy)

Vi(6.0) = 5= (7 p)°



D Ti6n) =N + B ) + T )+
i=0

4 7

:5(7—P)+%(7—p)2+m(7—p)3+...

Graphical interpretation of 4.5

(4.51)
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CONCLUSION

Usually it’s difficult to solve fuzzy integro-differential equations analytically. Most probably it’s
required to obtain the approximate solutions. In this thesis we developed a numerical technique
like sumudu decomposition method for finding the solution of linear and non-linear fuzzy Volterra
integro-differential equations. A general method for solving FVIDE is developed. This technique
proved reliable and affective from achieved results. It gives fast convergence because by utilizing

less number of iterations we get approximate as well as exact solution.
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