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Abstract

In this thesis, we have developed new numerical methods in Runge-Kutta fam-
ily for numerical solution of ordinary differential equations. We have extended
the idea of effective order to Runge-Kutta Nystrom methods for numerical ap-
proximation of second order ordinary differential equations. The composition of
Runge-Kutta Nystrom methods, the pruning of associated Nystrom trees, and
conditions for effective order Runge-Kutta Nystrom methods up to order five are
presented. Also, partitioned Runge-Kutta methods of effective order 4 with 3
stages are constructed. The most obvious feature of these methods is efficiency

in terms of implementation cost.

The numerical results verify that the asymptotic error behavior of the effec-
tive order 4 partitioned Runge- Kutta methods with 3 stages is similar to that
of classical order 4 method which necessarily require 4 stages. Moreover, it is
evident from the numerical results that effective order methods are more efficient

than their classical order counterpart.

Lastly, a family of explicit symplectic partitioned Runge-Kutta methods are
derived with effective order 3 for the numerical integration of separable Hamil-
tonian systems. The proposed explicit methods are more efficient than existing
symplectic implicit Runge-Kutta methods. A selection of numerical experiments
on separable Hamiltonian system confirming the efficiency of the approach is also

provided with good energy conservation.



Acknowledgment

First of all, I would like to thank Allah Almighty, the only Real Creator, for all
His blessings and bounties in my life. I owe special tribute to my ustad-ji Saleh
Muhammad as he was the first teacher who taught me the first word “Bismillah”.

May Allah shower His countless blessings on him, Aameen.

During the course of my PhD, I was fortunate to have the guidance and sup-
port of my supervisor Dr. Shafiq Ur Rehman for which I am deeply grateful.
His knowledge and logical way of thinking have been of great value for me. On a
personal level, I would especially like to mention his unusually kind and caring na-
ture. I would like to thank my co-supervisor Dr. Yousaf Habib for the many vital
discussions regarding the novel developments in the area of differential equations.
I would like to thank Prof. Dr. Muhammad Mushtaq, Chairman Department of
Mathematics, for his help, kindness, and support for the completion of this study.

I offer my humble regards and heartfelt thanks to my father and teacher Rab
Nawaz as the first letter of the knowledge was written through his hands. I would
also like to put on record my special thanks to my wife, who helped me and en-
couraged me at every moment of grief and sorrow. Here, I would also remember
my best friend Shumail Kaleem (Late). May Allah give him comforts in Heavens,

Aameen.
In the end, I would like to acknowledge all my friends and fellows of university

life who supported me in this long journey of truth. Needless to say, however,

any errors and mistakes remain the scholar’s responsibility.

Junaid Ahmad



Contents

1 Introduction

1.1

2.1
2.2

2.3
2.4

2.5

2.6
2.7
2.8
2.9

One-step methods . . . . . . . . . . .. ... ... ... ...,
1.1.1 Hamiltonian systems . . . . . ... ... ... .......

1.1.2  Symplecticity . . . . .. . ...

RK methods with modern approach

Taylor series methods . . . . . . . . . .. ... ... ... ...
Runge-Kutta methods . . . . . ... ... .. ... ... .....
2.2.1  Explicit RK methods . . . . ... ... ... .. .. ...,
2.2.2  Implicit RK methods . . . . .. ... ... ... ......
Taylor’s series expansion for RK methods construction . . . . ..
Rooted trees theory for RK methods construction . . . . . .. ..
2.4.1 Rooted trees and elementary differentials . . . . . . .. ..
2.4.2 Elementary weights . . . . . . . ... ... ... ... ..
2.4.3 Order conditions . . . . . . .. ... ... ... ... ..
2.4.4  Simplifying assumptions . . . . .. ...
2.4.5 B-series and rules for composition . . . . . ... ... ...
Effective order of RK methods . . . . . . . ... ... ... ....
2.5.1 Effective order RK 3 with 2 stages . . . .. ... ... ..
Symplectic Runge-Kutta methods . . . . . .. ... ... ... ..
Order conditions for symplectic RK methods . . . . . . . ... ..
Derivation of order 3 symplectic RK method . . . . . .. ... ..
Symplectic effective order RK methods . . . . . .. ... ... ..

2.10 Conclusion . . . . . . . .

3.1

The effective order of RKN methods

Algebraic structure of solution scheme . . . . . ... ... ....

10
11
13
14

17
17
19
21
23
24
27
28
29
30
34
35
38
40
43
45
48
49
52

53



3.2 Derivatives of exact solution and their connection with trees . . . 55

3.3 Order conditions of RKN up toorder 5 . . . . ... ... .. ... 56
3.4 Pruning of special Nystrom trees. . . . . . ... .. ... .. ... 59
3.5 Composition of two RKN methods . . . ... ... ... ... .. 60
3.6 Inverse of RKN method . . . ... ... ... ... .. ...... 63
3.7 Effective order conditions of RKN methods . . . . . . . ... ... 66
3.8 Conclusions . . . . . . . . ... . 69
The effective order methods for PRK method 70
4.1 Algebraic structure of PRK methods . . . . ... ... ... ... 71
4.2 Order conditions and bi-color rooted trees . . . . .. .. .. ... 71
4.2.1 Composition of PRK methods . . . . ... ... ... ... 73
4.3 Effective order of PRK methods . . . . . . .. ... ... ... .. 74
4.3.1  Derivation of PRK methods with effective order 3 with 2
stages ... 80
4.3.2  Derivation of PRK methods with effective order 4 . . . . 86
4.4 Numerical testing . . . . . . ... ... 91
4.4.1 Order verification and efficiency of Effective order PRK
methods . . . . . . . ... 91
4.5 Conclusion . . . . . . . . . 93
PRK methods for Hamiltonian systems 94
5.1 Symplectic partitioned Runge-Kutta methods . . . . . . ... .. 94
5.2 Order conditions for symplectic partitioned Runge-Kutta methods 96
5.3 Symplectic PRK methods with effective order 3 . . . . . . .. .. 99
5.3.1 Derivation of starting method . . . . . .. ... ... ... 101
5.4 Mutually adjoint symplectic effective order PRK methods . . . . . 102
5.5 Numerical testing . . . . . . . . . ... L 103
5.5.1 Order verification of symplectic effective order PRK methods103
5.5.2  Emergy conservation behaviour. . . . . . . ... ... ... 104
5.6 Conclusions and future work . . . . . . . ... ... ... ... .. 107



List of Figures

4.1

4.2

5.1

5.2

5.3

5.4

Comparison between step-size and the number of function evalua-

The error in energy of the Kepler’s problem (e = 0) with symplectic
effective PRK using step size h = 27/1000 for 10° steps. . . . . .
The error in energy of the Kepler’s problem (e = 0) with mutually
adjoint symplectic effective PRK using step-size h = 27/1000 for
10° Steps. . . v oo
The error in energy of the Harmonic oscillator problem (e = 0)

with symplectic effective PRK using step size h = 27/1000 for 10°

The error in energy of the Harmonic oscillator problem (e = 0)
with mutually adjoint symplectic effective PRK using step size
h =27/1000 for 10° steps. . . . . . . . . ...

106



List of Tables

2.1
2.2
2.3
2.4
2.5
2.6
2.7
2.8
2.9
2.10

2.11

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11

General form of Butcher table for RK methods. . . . . . ... ..
Butcher table for RK method of order 3. . . . . . . ... ... ..
Rooted trees and elementary differentials up to order 4. . . . . . .
Tree notations and different functions up to order 4. . . . . . . . .
Order conditions of 4-stage RK method. . . . . . . ... ... ..
Butcher table for RK method of order 4. . . . . . ... ... ...
Elementary weight functions product up to order 4. . . . . . . ..
The composition of (Ba)(ty). . . . . . . . ...
Ba and ES for the treesup toorder 3. . . . . ... .. ... ...
Number of order conditions for standard and symplectic RK meth-
odsuptoorder . . . . . . . ...
General format of diagonally implicit symplectic RK method of

order 3. . ..

Derivative terms and corresponding rooted trees up to order 4. . .
Rooted trees and Order conditions up to order 5. . . . . . . . ..
Calculation for the term Sa(ty). . . . . . . ... ... L.
Combined composed table of M S scheme. . . . ... ... .. ..
Inverse of RKN of order 3. . . . . . .. ... ... ... ......
General form of s-stage inverse RKN. . . . . .. ... ... ...
Composition table of MM~ . . . . .. ... ... ... ..
Composition table of M~*M. . . . . . .. ... ...
Ba and EQS for treesup toorder 5. . . . . ...
Effective order conditions up to order 5 on « in terms of 3 .

Effective order ¢, classical order p conditions for main and starting
methods. . . . . . . ..

38



4.1

4.2
4.3
4.4
4.5
4.6

4.7

5.1

5.2

5.3

Elementary differentials and elementary weights of bi-color rooted

Calculation for the term Sa(ts). . . . . . . . ... ... ... ...
Ba and ES for treesup toorder 5. . . . . ...
5& and EB for trees up to order 5. . . .. ... ... L.
Effective order 5 conditions on « and @ in terms of $ and E Ce
Effective order g, classical order p conditions on «, a, (3, and ,5 for
main and starting methods. . . . . . .. ... ...

Global errors and their comparison. . . . . . . . . . .. .. .. ..

Number of order conditions for standard and symplectic PRK
methods up toorder 4. . . . . . . . ... ... L.
Global errors and their comparison: Symplectic effective order
PRK methods. . . . .. .. .. ... ..
Global errors and their comparison: Mutually adjoint symplectic
effective order PRK methods. . . . . . . .. ... ... ... ...



Chapter 1
Introduction

Mathematical models are frequently used to describe various physical phenom-
ena, for instance, the blood circulation in veins, the electrical circuit’s behaviour
in machines, the motion of planetary bodies in outer Solar System or the rate
of change of shares in stock exchanges. Generally, these models include ordinary
differential equations (ODESs) based on physical systems in which time acts inde-
pendently while variables associated to physical systems are taken as dependent
quantities. Usually, an initial condition is accompanied by the said ODEs, hence,

an initial value problem (IVP) is constituted as

y'(z) = f(x,y(x)), y(0) = Yo-

Such kind of IVP consists of a solution y, a mapping R — R", time denoted
by x and f : R x R" — R", where n represents the dimension. Mostly, we
consider initial value problems (IVPs) of autonomous nature which carries x as

a component of y(z), and is represented as

y(z)=fy),  ylwo) = vo- (1.1)

Generally, the higher order differential equations are used to model some physical

systems. The system of nth order differential equations of autonomous type is as

y () = fy, v,y y™Y).
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This kind of system can be solved by using initial values for y,v',y", ...,y V.

The existence and uniqueness of a solution depends on the satisfaction of the
Lipschitz condition for the function f [12].

Definition 1. A function f : R™ — R™ satisfies a Lipschitz condition, if for any
X,Y € R™, there exists a Lipschitz constant M, such that,

IF(X) = () < M|X = Y|

On the whole, problems involving ODEs can be categorized as stiff and non-stiff
types. The first type carries differential equations with vastly fluctuating time
components with large Lipschitz constants. While, all the other problems fall in
second type.

The system consisting of differential equations of first order show the behavior of
the original physical occurrence through its solution. Usually, the analytic pro-
cess of finding this solution becomes harder often, so we use numerical schemes
as an approximation to solution obtained analytically. The numerical schemes
uses initial values and the slope provided by the differential equation will direct
the movement of the solution. Numerical methods are classified into three ma-
jor areas, firstly one-step methods , then multistep methods and lastly general
linear methods. We have discussed and contributed in one-step methods in this

dissertation.

1.1 One-step methods

These methods are used to estimate the value of y(z) at time x,, by using the
previous step x,_; information. In this manner, the solution values at different
points in [z, _1,z,] may be calculated by using such methods. Euler’s method
is the first and simple method which is considered as one-step method. The

numerical solutions are obtained by using following Euler’s formula

Yn = Yn—1 + hf(ynfl)

This formula uses the solution obtained at previous time step t,_; and informa-
tion of slope at that time to update the solution y,,. Here, f(y,_1) represents the

slope of tangent line along which the numerical solution propagates. This one-

11



step method completes this one step with one stage, so it is one stage one-step
method. Due to its single stage property, this method needs small time steps to
get certain accuracy. We need some one step methods with multistage structure
to improve the accuracy and efficiency of numerical schemes which will be our
main focus of the study.

In Chapter 2, we will discuss the theory of Runge Kutta (RK) methods for mul-
tistage structure. RK methods are divided into explicit and implicit methods.
Explicit methods are low cost methods but they are not suitable for stiff differ-
ential equations like implicit methods. The general scheme of RK methods of

s-stage is
Yi=yo+h)y a;f(Vy), i=1,2, .5,
j=1
yi=yo+h Y bif(V).
j=1

where b;, a;;, and Y; are quadrature weights, coefficient matrix and stage values,

respectively. The consistency of these methods is maintained by the condition

s
Ci = E Q45 , 221,2,...,8.
j=1

Here, ¢; are known as abscissas of method. These methods are basically con-
structed through Taylor’s series expansion up till certain order of accuracy. By
the expansion of this series up to the O(h?) will decide the order of method.
The order of method decides the order conditions of the method, which are the
combinations of coefficients b;, a;; and ¢;. As the order of method gets higher
the complexity of order conditions also grow. For this, a new approach to RK
methods were presented by Butcher in [11] and is known as rooted tree theory.
The components of this theory will also be discussed in Chapter 2. This the-
ory is basically a graphical theory which consists of rooted trees. Each tree is a
non cyclic representation consisting of edges and vertices and the line join the
two roots is linked with differentials. With the help of this modern approach, a
new era of RK methods started in which it becomes easier to construct any RK
method upto any higher order.

Butcher in [9] presented an idea of effective order to handle the number of stages

12



for higher order RK methods. For example, for RK methods up to order 4, the
number of stages are equal to order of method but for fifth order method, we
need at least six stages. Butcher tried to reduce at least one stage for RK 5. The
idea of effective order for RK methods is also explained in Chapter 2 along with
construction of effective order conditions and derivation of a 2 stages effective
order Rk method of order 3.

Lastly, in this chapter, we shall also discuss the application of RK method on
Hamiltonian system and this will lead us to symplectic RK methods. Here, we

present main concepts regarding Hamiltonian systems and symplecticity.

1.1.1 Hamiltonian systems

Hamiltonian systems belong to Hamiltonian mechanics, in which we study the
motion of bodies in the context of their momentum and positions. The momen-
tum coordinates are generally taken as p; = (p1,p2,-...., pn) While the position
coordinates are termed as ¢; = (q1,Go,-.-.-,qn). These coordinates constitute a
differential equation with the help of a function H (Hamiltonian function) and
this system of differential equations is known as Hamiltonian system. Mathemat-

ically we write it as

. 9H . 0H
pl - 8(:]2 ) QZ - 8p27

i=1,2--.n. (1.1)
Let we take z = (p, q), then we write equation (1.1) in the following format as
2 = J'VH. (1.2)

Here, V is the operator used to compute the gradient and Jacobian J is a skew
symmetric matrix having zeros in principal diagonal and an n x n identity matrix

I in minor diagonal. Mathematically J is given by

J:[_Olg].

13



The Hamiltonian function H forms a separable system called Hamiltonian system

[19] as

H(p,q) =T(p) + V(q), (1.3)

where H is known as the total energy of the system and g and p are generalized
coordinates and generalized momenta, respectively. The autonomous Hamilto-
nian systems have two important properties; one is that the total energy remains

constant
dH _OH 0p OH 9q _
dt  9p ot 0Oq Ot
1.1.2 Symplecticity

The second important property of Hamiltonian systems is that the phase flow is
symplectic which imply that the motion along the phase curve retains the area
of a bounded sub-domain in the phase space. Mathematically, we can express it

by taking a linear transformation ¥ as
v (pq) — (0%, 4").
This linear transformation ¥ is symplectic, if the following equation holds
(WHT I = J, (1.4)

where Jacobian J is already discussed. To prove this, we take the supposition of
unit determinant of the Jacobian matrix obtained by applying it on the transfor-

mation. So we have

op*  Op*
'— | 9p Iq
= oq* Oq* |

Jdp 0Oq

op*  Op*

ap aq _ ap* aq* B 8]9* aq* _
9¢" 9¢"| ~ 9p 0q¢  9q p

dp 0Oq

14



So,

~ _aq* @p* N ap* aq* _aq* ap* N 8]?* @q*
NT 11y Op Op Op Op dp Jq Op 0q
L 0q Op dq Op dq Oq dq 0q
0 I
-1 0

This gives us the proof that ¥ is symplectic. We shall explain this symplectic
property of RK methods with its combination to effective order techniques in the

last part of Chapter 2.

We know that RK methods are only applicable to first order differential equa-
tions. They can be applied to second order ordinary differential equations by
converting it to system of first order differential equations. There were need of
such methods which can solve second order ODEs directly. One of such direct
method was designed by Nystrom [8] in 1925 and are known as Runge-Kutta
Nystrom (RKN) methods. In Chapter 3, we shall discuss its existing literature
in the context of rooted tree theory. We shall explain the structure of trees and
use of this structure in developing the order conditions of RKN methods. A new
approach of effective order for RKN methods will also be the part of this chapter.
This chapter will include a comprehensive classification of effective order condi-
tion of RKN up to order 5.

In Chapter 4, we shall present our second major contribution in partitioned
Runge-Kutta (PRK) methods. PRK methods are basically applicable to sep-
arable equations of first order. In the earlier part of this chapter, we shall explain
the rooted theory for PRK methods and the use of bi-color rooted trees for
these methods and also, discuss their relation with elementary differentials. In
the middle part of the chapter, we shall present a complete mechanism for the
construction of conditions for effective order of PRK methods along with a com-
prehensive list of effective order conditions for PRK up to order 5 by maintaining

classical order up to 4. In the later part of this chapter, we shall derive a new

15



PRK method with effective order 4 with 3 stages. This newly built method will
give one stage lesser than its counterpart standard PRK method of order 4. In
the last part of this chapter, we shall perform some numerical experiments to
show the order verification and efficiency in terms of function evaluation of our

newly built method.

In Chapter 5, we shall present our third contribution which is related to PRK
methods for Hamiltonian type problems. In first part of this chapter, we shall
discuss the existing literature on symplectic PRK methods and in the later part
of the chapter, we apply effective order technique to these symplectic PRK meth-
ods. We shall show the effects of symplectic condition of PRK methods on the
effective order conditions of PRK methods and this will be helpful in the deriva-
tion of two types of PRK methods for Hamiltonian systems; one is effective order
of symplectic PRK methods and second is effective order of mutually adjoint
symplectic PRK methods with order 3. In the last part of this final chapter,
we shall perform numerical experimentation to implement our numerical scheme
for some Hamiltonian systems, like, Kepler’s problem and Harmonic oscillator to

show the energy behaviour and order verification.
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Chapter 2

RK methods with modern
approach

The solutions of ordinary differential equations can be obtained by approximating
them with numerical methods. These methods are used widely to understand
the behaviour of physical systems. There are three sub classes of these methods
known as one-step methods, multi-step methods, and general linear methods. In
this chapter, we are going to present a brief analysis of RK methods along with

their construction mechanism in the context of modern theory of rooted trees.

2.1 Taylor series methods

The idea of one step methods was based on Taylor’s series expansion of exact

solution. The concept was to approximate the solution of initial value problem

y=g(t,y), y(to) = vo, y € R", (2.1)

at t,+1 by gth-degree Taylor polynomial y(t), which is evaluated at any time ¢,
[29]. For the moment, we take variable time step for the process of integration

in such a way that t,,.1 = t, + h,, and its approximation becomes

dy 1 dy
n = Yn _tna nhn N T tna nhqa
Yn+1 y+dt( Yn) o + +r!dtq( Yn )i
1d" " g(tn, yn)

17



The Equation (2.2) gives the explicit Euler scheme if we place ¢ = 1 in it. Gen-
erally, the truncation error in these methods is of order O(h?) and as h grows
higher, the accuracy of method also increases but the problem for these methods
is mainly due to non-differentiability of functions, which may occur at some of

the time steps. On the other side, this simple idea can help efficiently to evaluate

the total derivatives g*(t,, y,) = #(tn’ Yn) as in (2.2) for numerical integration
procedure. The clear approach is to differentiate any function g repeatedly but
this procedure becomes more complex as order of ”h” grows higher. Thus for

differential equation (2.1) second and third derivatives are given as

d*y  dg
2I_ Ty
T2 = (LY,
= gt(t7 y) + gy(t> y)y>
=gt y) + 9,(t, v)g(t,v) = 9 + 949,
d3y

3 = 91+ 909+ (G + 9449)9 + 94(9¢ + 949).

The main reason for the failure of Taylor’s method was the complications of ex-
pressions obtained after repeated differentiation as order of method goes higher.
But emergence of automatic differential techniques efficiently make it possible
to develop a recurrence formulations for the coefficients of Taylor method. The
idea of these techniques was to divide the function into sequence of arithmetic
operations and use of binary functions with chain rule [2].

These methods are very suitable to attain an approximated solution with high
accuracy for the low dimension ODE systems. Particularly these are suitable for
the calculations of orbital periods in the dynamical systems to get an accuracy
up to hundreds digits. This is because that these methods permit the automatic
selection of step-size and order for gaining desired accuracy. We can conclude
that all geometrical aspects of an ODE are well-maintained by these methods up

to the order of truncation error.

18



Ex 2.1.1. Consider the following pendulum problem

q=0p,
p = —sin(q).

We apply Taylor method for step (gn, pn) = ((¢ni1,Pni1)) as follows.
Let take z = (q,p)T, g = (p,—sin(q)), g: = (0,0)T, Then the derivatives are

computed as

929 = ( :;ZSSI) ) Jar99 = (223@'71(61) ) Jae§ = ( Zc;i((q;q) )

Then Taylor method expansion up to truncation error of h* is

(QH+1):(Qn )_h<_pn >_h_2(SZH<Qn) >+
Pn+1 Pn 32”(Qn) 2 pnCOS(Qn>

h3 ( _pnCOS(Qn) )

6 \ (p2 + cos(qn) + sin(q,) /

2.2 Runge-Kutta methods

The RK methods evaluate the first derivative of f(x,y) many times in one step.
Runge [32] in 1895, used Taylor’s series expansion to propose this idea first time
which was basically an extension to the Euler’s method. Later on, Heun [25] and
Kutta [28] also contributed in this early development.

The advantages of Runge-Kutta (RK) methods are their stability and managing
of variable step-size and order. The disadvantage is regarding high accuracy
achievement at high computational cost. These are one step methods and are

mostly applicable to initial value problems

v =fly(x),  ylwo) =y, yeR"

The RK methods give an approximation to exact solution y(z) at any time x,, =

nh forn =10,1,2,--- and step-size h. The general formulation of an s-stage RK

19



method is

YZ.:yn,l—i—hZaijf(xn,l—i—hcj,Y}), 1=1,2,...,s, (2.3)
j=1

Yn = Yn—1 + hz bjf(xn—l + th, Y}) (24)
=1

The general form of Butcher’s table for RK methods is

| a1 Q2 ... Qs
Ca | Q21 Q22 ... Qs
Cs as1 As2 o Ags

by by ... b

Table 2.1: General form of Butcher table for RK methods.

where Y; represent the stages and are computed during integration process for
time interval x,,_; to x,.The above formulation also contains three constant coef-
ficients a;j, ¢j, b;, which are used to get good approximation of numerical solution
yn, for the actual solution y(x,). The coefficients a;; are used to calculate internal
stages by using the linear combinations of stage derivatives, while b is a weighted
vector, which tells the dependence of approximated solution on the derivatives
of internal stages. The position of approximations in each step is represented by
abscissa vector c¢. Also the relationships of these constants provide the consis-
tency of RK methods. The suitable consistency is necessary for the solution of
problems. A consistent method means difference between numerical integration
and exact solution at x,,_1 + h should approach to zero as h goes nearer to zero.

The following consistency conditions must hold for a valid RK method

> bi=1, (2.5)
j=1
> ai =, i=1,2,..5s. (2.6)
j=1

The configuration of coefficient matrix a;; effects the computational cost of the

methods. Due to this, RK methods are further classified into two types as, explicit

20



and implicit methods.

2.2.1 Explicit RK methods

In explicit RK methods, the components a;; = 0 for all ¢ < j. This means that
we can compute stages successively. Due to arrival of zeros in upper triangle,
the computational time becomes lesser and that is why these methods are very
suitable for numerical solutions of ordinary differential equations. There are
also some limitations of these methods, like, their stability for solving differential
equations of stiff nature and their inability to solve the non separable Hamiltonian

systems. The Butcher table for explicit methods is given by

0| 0 0O ... 0
Cy | 921 0 e 0
Cs a/sl G/SQ e 0

by by bs

Example: Explicit RK method of order 3
Consider the following Butcher table which was presented by Heun’s third-order
method

0

1]1

313

2 2

Zlo 2

3 3
1 3
Z 0 =
4 4

The blank spaces in the upper triangular components of matrix A denote the

zero values of a;;. The stage values at n'" step of RK scheme can be calculated

21



as follows:

le = Yn—1,
1

Yo =yp1 + h(g)Fb
2

Y3 =yp1 + h(g)F2-

The derivative of each stage are:

Fl - f('rn—l + h(())’}/l)u
): Ya),
Fs = f(x,_1+ h(1),Y3).

F2 = f(l‘n_l + h(

Wl =

The approximated solution at n'* step is
1 1
Yn = Yn—1 + h(ZFl +0Fy + éFs)

For the higher order explicit RK methods required stages are also higher. In fact
for s < 4, the number of stages required are equal to the order of method. As in

classic RK method of order 4, we require 4 stages described as

0

111

212

101

20 2

1170 0 1
1 1 1 1
6 3 3 6
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2.2.2 Implicit RK methods

Implicit RK method can be represented by the following Butcher table with con-

dition a,;; # 0 for some ¢ < j.

¢ | a; @2 ... Qg
Co | Q21 Q22 ... Qzg
Cg a1 (0F9) cee Agg

by by b

To construct an s-stage RK method of implicit nature for the solution of m-
dimensional system of ODE’s, we need to solve sm non-linear equations repre-
senting the stages. This can be obtained by newton’s iterative schemes, which
have obviously high computational costs. Due to this, general implicit RK meth-
ods are computationally expensive than explicit methods but still these methods
are better than explicit methods in terms of less number of stages are required to
obtain same order explicit method. Another advantage of these methods is that
these can help in solving stiff differential equations along with having a capabil-
ity of handling Hamiltonian nature differential equations. The Guass-Legendre
implicit RK methods are the popular as s-stages are required to get a method
of order 2s. Gauss-Legendre polynomial are used to construct such methods by
taking ¢’s of implicit RK methods equal to zero. The legendre polynomial (), on

the interval [0, 1] is given as
sl & 5 s+n
s = 5 —1)" n.
o =5 () )

By placing s = 1, the following Gauss-Legendre polynomial is obtained

Q:1(z) = —% + x.

1
Now by Q1(x) = 0, we get x = ¢ = 27 which represents the node for 1-stage
implicit RK method represented in the following table.

For s = 2, we will obtain Gauss-Legendre polynomial as follows

1
Qs(x) = 32° — 3z + 5
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N | =
N | =

1 3 1 3
If we take Q2(z) = 0, we shall obtain ¢; = = \/T— and ¢, = = + — which are
the nodes for order 4 with 2-stage implicit RK method [11]. To attain 2s order
of the method, the values of coefficients b; and a;; can be calculated by abscissa

¢;. The Butcher table for this method is .

[\]

3

6

| =
1

=%
> =
=

=y
[«
S

N = [

2.3 Taylor’s series expansion for RK methods

construction

The origination of RK methods is based on expansion of Taylor’s series. The
order of any RK method is basically Taylor’s series expansion up till any order
of h™. Let we want to construct explicit RK3 from Taylor’s expansion. For this
we expand equations (2.3) and (2.4) for 4,5 = 1,2,3 and a;; = 0 for ¢ < j, we
obtain the following formulation of RK3 with 3 stages:

Y1 = yo, (2.7)
Yy = yo + hao1 f(Y1),

Ys = yo + haai f(yo), (2.8)
Y3 = yo + haz f(Y1) + haza f(Y2),

Y3 = yo + hasi f(yo) + hasa f(yo + haa f(wo)), (2.9)
y1 = yo + hbi f(Y1) + hbo f (Y2) + hbs f(Y3). (2.10)

(
(
(
(
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Using the values of Yy, Y, Y3 from equations (2.7), (2.8), (2.9) and place it in
equation (2.10), we get

Y1 = Yo + hbi f(yo) + hba f (yo + hasi f(yo)), (2.11)
+ hbs f(yo + has f(yo) + hasa f(yo + haai f(yo))-

Now we expand the series for f(yo + haai f(yo)) upto h? as

/ h2a21 " ! pl h3a21
o+ haon f(30) = f o) + han(f'F) + "o (F(F. £) + 1) +

(" S AL LSS+ D).

The above expression is placed in equation (2.11) gives us the following result

3
Y1 = Yo + hby f(yo) + hbaf (yo) + RPbaasy f'f + %bza§1(f//f + ff'f) + On")
+ hbs f (yo + hasi f(yo) + haza X (f(yo) + haxh(f'f) (2.12)
2 3
han IR0 p P AP D) + ).

SRS+

The approximated solution for explicit RK method of order3 is obtained after

simplification of equation (2.12) as

Y1 = yo + h(b1 + ba + b3) f + h*(baass + bs(azi + aze)) f'f + h’bsaszeas
3 (2.13)
x (f"(f, /) + 1)+ %(b2a§1 + bs(asy + az)*(f"(f, f) + f'f'f) + O(h?).

As we know that

Yo = f(y) = . (2.14)

The higher order derivatives of equation (2.14) are obtained by differentiating it

recursively as

yo = f'(wo)vo = f (o) f(yo) = f'f,
o' = 1" (o) (Wo) f (wo) + f'(wo) f (wo)(wo) = f'ff + f'f'f.
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These higher order derivatives are also known as elementary differentials and

placed in Equation (2.13) to get

y1 = Yo + h(by + by + bs)yh + h*(boagy + bs(az: + az2))y”
3 (2.15)

h
+ h3b3a32a21ym + g(bgagl + bg(a31 -+ a32)2)y’" -+ O(h4)

Now we expand Taylor’s series to get the exact solution as under

2 3

h h
y(wo +h) = yo+ hyly + Syu6 + 5790 + O(h). (2.16)

The approximated solution obtained in equation (2.15) is compared with exact
solution in equation (2.16) will give the following order conditions for explicit RK

method of order 3:

by +by+b3=1,

baagy + b3(azy + asy) = %>
baag, + by(as: + aze)® = %7
bzazpaz; = %

The consistency conditions ) a;; = ¢; will be utilized to reduce above conditions.

The reduced form of these conditions is as follows:

by +bs+b3=1,
1
baca + bzcs = 3
1 (2.17)
2 2
6202 + b303 = 5,
1
bgCLgQCQ = 6

The solution of order conditions provided in equation set (2.17) will lead to
construction of an explicit Rk3 method. As we have 5 equations and 6 unknowns,
we can choose value of any abscissa to get the required result. For the moment, by

selecting c3 = 1 following solution is obtained as described in Butcher Table 2.2
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Table 2.2: Butcher table for RK method of order 3.

With the help of the above Table 2.2, we can compute stage values and output

values as:
le = Yo,
h
}/2 =Y + §f<y0)7
h
Ys =40 — hf(yo) +2hf(yo + §f(yo))7

h h h h h
D=+ G F )+ 5o+ 5 Fo)) + o — A o) + 20 o + 5.7 (o).

2.4 Rooted trees theory for RK methods con-

struction

The main problem in the construction of RK methods through Taylor’s series is
that for higher order methods, the complexity of order conditions becomes more
difficult. So there was a requirement of a new approach that can handle this
problem. For this, Butcher introduced a new way of finding order conditions
of RK methods known as rooted trees theory. This theory provided an ease to
develop order conditions of any order method. In this section, we shall provide
a complete understanding of this theory but before that it is necessary to un-
derstand some basic concepts which can help to build an understanding of this

theory.
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2.4.1 Rooted trees and elementary differentials

A tree is a graphical representation consisting of vertices and edges. A non-cyclic
connected graph having one vertex acts as root is called a rooted tree. The rooted
trees for RK methods have a connection with elementary differentials given in
equation (2.14). As described earlier, elementary differentials are the higher order
derivatives for y, = f(yo) and are represented by F'(t). A complete classification

of elementary differentials up to order 4 is the following:

2.18
2.19
2.20
2.21

Yo = f(yo) = [,
Yo = f'(wo)vo = f' (o) f(wo) = f'f,
vo = f"ff+ 11 F

(
(
(
O I b A I IV A B VA A A A A A A (

)
)
)
)

The elementary differentials are represented by trees as for differential f is de-
noted by single vertex e. Moreover, the representation of f f by tree will be
I. In this representation, vertex with edge denotes the derivative and then end
vertex is for function f. A complete classification of all rooted trees and their
connection with elementary differentials up to order 4 is provided in the following
Table 2.3 .

Sr. No. | Elementary differential | Rooted tree | Sr. No. | Elementary differential | Rooted tree

1 f ° 2 ff I
3 fff v 4 F'f I
5 fEff \I/ 6 " ff \}
7 Ffrf \; 8 I"fff J
9 I ff Y 10 s i

Table 2.3: Rooted trees and elementary differentials up to order 4.
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Order

The total number of vertices of a tree is termed as order of a rooted tree and is

represented by r(t). As an example, we have
r(ty) =r(e) =1 and r(t4) = T(E) =3.

Density

The repetitive product of order of a tree with its chopped sub trees is termed as

density and is expressed as y(¢). The mathematical representation is

W) =0, =1 b =2x1=2, 4(V)=3x2x1=6

Symmetry

The symmetry of the tree is the order of a automorphism group and denoted by

o(t) and calculated as
o(t) = (o(t1)"o(te)™...o(tm) ™) (ny! - np_1!ng!).

Moreover, we have relationships among order, densities and symmetries to calcu-
late number of ways of labelling any tree. The labelling of any tree with an order
set is denoted by «(t) while labelling with an un-order set is represented by J3(t).
Such relations are provided by Butcher in [11] as

r(t)!
() (t)’
(t)!

(t)

= 9

Q

2.4.2 Elementary weights

Butcher in [11] showed that coefficients of an RK methods of any stage s are

linked to trees through elementary weights ® as,

(I)(t) B Zle bi; lf t:T,
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Where ®;(t) is the elementary. The elementary weight related to i'"-stage is rep-

resented by ®;(¢) and is determined as

Bi(t) = { im0 = it =7
Zi:j aijq)j(tl)q)j(t2)"-<pi(tm)> if t= [tltg...tm].

Let T represents the set consisting of trees up to order 4, then we have
lavivdyY |

where r(t) = order and (t) = density of t.

For tree ts = \V, the values of order, density, «(t), 5(t), elementary differential

and elementary weights are given as:

123 111
v 4
r(ts) =4 4 | Yts) =4x1x1x1=4, 4
o) 4 @)t 4
)= o ~6xa = Als) =5y =6 =
F(t5) = f”/(f7 f7 f)u q)(t5)zzzs:1 bZCf

A complete list of all components described above for trees up to order 4 are

summarized in the Table 2.4.

2.4.3 Order conditions

Order conditions are basically a relationship between elementary weight function
and density. This relationship provides us number of linear and non linear al-
gebraic equations containing the coefficients of RK methods and the solution of

these equations will give us the specific RK method. To find this relationship we

30



30 3| 2 | 1| 3 |frf |She

3 6 1 1 6 f’f’f Ebi(lijCj

404 ] 6 | 1| 4 | ffff | Shic

7

24 f”f/f ECibiCLijCj

4 12 2 1 12 f’f”ff Ebiaijc?

e R I R

4 24 1 1 24 f’f’f’f Ebiaijajkck

Table 2.4: Tree notations and different functions up to order 4.

use Taylor’s series for exact solution that can be written as

RV
vt h) =m0+ 3 T B )

pr r(t)!

Using the value of a(t) in this equation will give

hr(®)
y(wn+h) =y + )~

2 WF(t)(yn)-

The numerical approximation to Taylor’s series is as under

o = v+ 3 2O )P 1) 4.

p r(t)!
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By using the value of (¢) in approximated solution will lead to

hr(®)

2 %‘P(t)F(t)(yo)' (2.23)

Y1 = Yo +

The comparison of approximated and exact solutions provided in equations (2.22)
and (2.23) gives us the relationship between elementary weight function and
density for the development of order conditions of any RK method of any order

with any number of stages.

Table 2.5 provides us a complete list of order conditions for RK method up-till

order 4.

1
3 6 Ebi(lijCj = 6

!
N I
4 8 Zcibiaijcj = é

1
4 | 24 | Shagamcs = —
Q5 Q51 Cr; 24

M~
M~
™
s
@)
<o
Il
I [SUR I

1
Y 4 12 Zbiaijcjz = —

Table 2.5: Order conditions of 4-stage RK method.

To construct RK method of order 4 with 4 stages, so we need to expand ®(t) for

1,7 = 1,2,3,4. This results in the form of the following algebraic equations:
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by + by 4 by + by = 1, (2.24)

bacy + bycg + bycy = %, (2.25)

bacy + bscs + bych = %, (2.26)

bsasaco + byasace + biayscs = é, (2.27)

bocs + bsch + by = i, (2.28)

b3C3a32Cy + bacsyacy + byciagzcs = é, (2.29)
b332C5 + byaaach + byayscs = 1—12, (2.30)
byayzazacs = 2—14 (2.31)

In addition to above eight equations we have three more equations which are

necessary to satisfy consistency conditions of a RK method. These are:

Cy = Qg (2.32)
C3 = az1 + asz, (2.33)
Cq = Gy + ayo + 43 (234)

Now we have 11 equations to solve for 13 parameters, which means that we have

1
freedom of choosing 2 parameters (two degree of freedom). We choose ¢3 = 1

and ¢4 = 1 and proceed as given in [11]

1. Calculate the values of by, by, b3 and by in terms of ¢o, c3, ¢4 using equations
(2.24), (2.25), (2.26) and (2.28).

2. Equations (2.27), (2.29) and (2.30) are used to get values of coefficients

32, A42, A43.

1
3. Placing the values of ass, ay3, and by in equation (2.31) to get ¢y = 7
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4. The values of asq, a3y, ay; are calculated by using consistency conditions

given in equations (2.32) to (2.34).

The values obtained through step 1 to step 4 are summarized in the following
Butcher table for 4 stage explicit RK method of order 4.

0

1 1

4 4

1 1
Z 0 Z
2 2

[y
=
1
[\
[\

| =
[« R

Table 2.6: Butcher table for RK method of order 4.

2.4.4 Simplifying assumptions

With the increase in the order of method, the number of algebraic conditions are
also increased and it becomes more difficult to solve these conditions. For this
purpose, it is needed to study the connections between the conditions equivalent
to different trees. We also see that some set order conditions have some kind of
vital role. Due to different variations in difficulty levels of these conditions, we

categorized them into the following four parts [11]:

> 1

B(p)izbz‘cifl:%, k=1,2,...,p,
=1
s Ck

C(n):zazjcﬁ*l:?ﬁ, i=1,2,....s, k=12...,n,
j=1
® bjck

D(g):Zbicfflaij:%, j=1,2,...,s, k=1,2,....C,
=1

S S 1
Em,¢Q): ) > bk ayd " = 1=1,2,...¢, k=1,2,....,n.

=1 i=1
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e The condition B(p) shows that method has order p quadrature. Moreover,
it satisfies the order conditions of e, I, V, \V -+ up to order p.

e The C(n) condition is associated with the stage order of a method and

guarantees that the paired trees, like, V and } produce same order condi-
tions fork < n. This condition shows that elementary weight functions of
any two trees are equal which contain factors ¢; and ) aijcffl, while the

remaining vertices of both are same.

e D(() condition provides the relationship among three trees, say, t1,t2, and

t3 with elementary weights bicf_laij, bj, and b;c”, respectively. The explicit

77

methods with order 4 having 4 stages must hold D(1).

e The E(n,() shows the fact that order condition ¢(t) = 1/v(t) is true for

tree [7*71[r!71]] having minimum order 7 + C.

2.4.5 B-series and rules for composition

The numerical solution provided in equation (2.23) can be expressed in formal

series as

B, y(@) = 3 X o py y(a)),

=40

= y+ @) + A EY) + AN (B D) - .

where A(t) : T — R™ denotes the elementary weight functions as discussed
earlier. Hairer and Warner [24] named this series as Butcher series to present the
honour to John Butcher. This series is alternative form of theory presented by
Butcher.

The elementary weight function 1(¢) is referred as identity mapping and A7 (¢)

is taken as inverse of elementary weight functions and both are represented as
i B(]-a ynfl) = Yn—1-
® UYp = B()‘(t)a ynfl)u < Yn-1= B<)‘_17 y”)

Now, let we have two B series B(A(t),y) and B(v(t),y) and these can be added

and composed as:
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e B(A(t),y) + B(v(t),y)= B((A+v)(t),y).
o B(A(t), B(v(t), y)= B(Av(t),y).

We can get the product of both functions (A and v) with A(¢) =1 as

(W) () = V(@A) + v(t) + 3 vt \ w). (2.35)

u<t
In the above equation u and (t\ u) are sub-tree and remaining trees, respectively.
The term remaining tree is used for the trees which comes after the removal of
tree wu.

Now for performing composition, we take two RK methods with general form as
[a,bT, c] and [A, BT, C] having A\(t) and v(t) as elementary weights, respectively.
For better understanding of the composition process, we take two RK methods

with 2 stages as

C1 | Q11 A2 Cy | A A
Co | Q21 Q22 Cy A21 A22
by by By By

The equations on the bases of above general Butcher tables are as under:

Y1 = yo + anhf(Y1) + anhf(Y2), 171 =y + Anhf(?l) + Alth(%)v
Yo = yo + aathf(Y1) + asxhf(Ya), 1~/2 =y + Amhf(ﬁ) + Azzhf(?z%
y1 = yo +b1hf(Y1) + bahf(Ya), Yo = Y1 + B1hf(?1) + Bth(i}Q)?

The composed form of both methods can be obtained by updating }71, }72 and 1
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by using the value of y; as

Y1 = yo + annhf(Y1) + axh f(Ya),

Yy = yo + anthf(Y1) 4 agh f(Y2),

Y1 = yo + bihf(Y1) + bohf(V2), +Anhf (Y1) + Anshf(Ya),
Ys = yo + bihf (Y1) + bohf(Ya) + Asthf(Y1) + Agoh f(Ya),
Y2 = Yo + bihf(Y1) + bohf (Y2) + Bihf (Y1) + Bohf(Ya).

The butcher table obtained by the composition of two RK methods is as under

C1 a;n a0 0
C2 az az 0 0
Ci+1| bt by An A (2.36)

Co+1] b1 by Ay A

by by DBy DBy

This composed table gives different combinations of trees. As an example first
order condition which belongs to t = e can be expressed through this composed

method as

(Av)(t) = by + by + By + Ba,

= )\(o) -+ V(o).

This composition becomes more complex as order of trees grows. A complete list

of these compositions in terms of product of elementary weight functions up to
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order 4 is listed in Table 2.7 below

t Av(t)

¢ | to | v(to)

o || Alt)v(to) +v(t)

ta | At2)v(to) + A(t1)v(th) + v(to)

ts | Ats)v(to) + A(t2)v(te) + A(t1)v(te) + v(ts)

ty | Mta)v(to) + Mt1)2v(t) + 2X\(t)v(ts) + v(ts)

t5 )\(t5)V<t0) + )\(tg)y(tl) + )\(tz)V(tQ) + )\(tl)l/(t‘g,) + V(t5)

Ato)v(to) + A(ta)v(ty) + A(t)2w(ts) + 2M(1)v(ts) + v(ts)

G e e e e

ts | A(ts)v(to) + (A(t1)3v(t1) + 3(A(t1)%v(t2) + 3A(t1)v(ts) + v(ts)

tr | Atr)v(to) + A(t)A(t2)v(tr) 4+ (AM(t1)* + A(t2))v(ta) + A(t2) (v (ts) + v(ta)) + v(tr)

Table 2.7: Elementary weight functions product up to order 4.

2.5 Effective order of RK methods

Butcher presented the idea of effective order in [6] and then for the purpose of
enhancing the accuracy of RK methods it was revised in [9]. Butcher and Chartier
in [12] attained this accuracy for singly implicit RK methods. Butcher and Chan
[13] extended this idea to diagonally extended singly implicit RK methods. Sanz-

Serna et al., [30] used this idea to increase the efficiency of symplectic integrator
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for Hamiltonian systems.
In the next part of this section, we are going to present the construction of RK

methods with effective order for the following first order differential equations

y' = f(y(x)), y(ro) = Yo (2.37)

The above system based on initial value can be solved by using conventional RK
method described in equations (2.3) and (2.4), we call this method a-method.
This method has ability to give solution in one step from y(xq) to y(xg + h) +
O(hP™1) by attaining order p with step size h. For method having effective order
p, a-method is composed with another method (5 in such a way that the composi-
tion BaB~! maintains the order p. The /3 - method is termed as starting method
as it is used once at the start to perturb the initial solution while e 57! is used in
the end to balance the starting perturbation. In the light of Butcher’s definition
of effective order, this could be achieved by comparing the composition Sa with
composition S by taking E as exact solution and its value is obtained by the
E = —— [21]. The Ba composition is same as described in Table 2.7 and its

v(1)

general form is

(Ba)(t) = a(@)B(t) + at) + > B(t\ w)o(u). (2.38)

u|t\u| term

I L Bra

1
i S S
t
!

Table 2.8: The composition of (Sa)(ty).

This composition can also be obtained by the process of pruning of trees. In this
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procedure we can obtain any sub-tree u by cutting it from main tree ¢. Thus we
get two types of trees u and (¢ \ u). Tree u is termed as «; while tree (¢ \ u) is
referred as ;. This composition is explained in Table 2.8.

So, we can write

Ba(ts) = Ba + Poar + frag + au.

2.5.1 Effective order RK 3 with 2 stages

The classic RK method of order 3 requires three stages but the effectiver order
RK 3 requires only two stages. The procedure starts with finding a- method first
by equating last two columns of Table 2.9 with value of 8 = 0. Thus we get the

following set of equations:

a =1, (2.39)
1
Qg = 5, (240)
a3 = % + 252, (241)
1
o= (2.42)
ti | (Ba)(ti) (EB)(t:)
o | f1+a 1+
I B2 + Bra1 + az %+51+52
V| B+ Bran + 26105 +as | 5+ 61+ 26+ 6
} Ba + Baay + frag + oy é+%51 + B2 + Ba

Table 2.9: fa and Ef for the trees up to order 3.

The equations (2.39) to (2.42) can be expressed in terms of elementary weights
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as

(2.43)

N 1
Z biaijcj = 6

ij=1

The equations set (2.43) expanded up to 2 stages for the following Butcher table

C1 aiq 0

Co | Q21 Q22

\bl by

The expanded form of above set of equations is:

by + by =1, (2.44)

bicy + baco :%, (2.45)

bic; + bycs :é + 20, (2.46)

biaiici + baagicy + baagaco :é- (2.47)

We use the consistency conditions a;; = ¢1, ag1 + ase = ¢ of RK method to solve
equations (2.44), (2.45), (2.47) and obtain the values of by, be, a1, az1, and ag

by taking ¢; and ¢y as parameters given as under:

by — 2C2 —1
te 2(C1 — CQ)7
201 —1
by = —
2 2(61 — 02)’
a1 = €1, (2.48)
—301 + 1+ 66162 — 362
Qa =
2 3(2¢; — 1) ’
301 —1
99 = ——.
27320 — 1)
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As we have two degree of freedom, so we can choose any value of ¢y, ¢, like,
1

= 3 Cy = 3 for equations (2.48) to get the following Butcher table for 2 stages
a-method.
1)1
e
3| 3
2| 2
=)
3|3
11
2 2

The starting S-method for perturbation is computed by taking £, = 0 and to

calculate 3, from equation (2.45), we calculate the value of a3 as

g = Z bch = blc% + bzcg,
1.1 4
=5(g+g)
B 5
18

Using a3 in Equation (2.45), we get (s as

1
=——. 2.4
o= o (2.49)
To maintain the classical order 2, we use

The elementary weight form of equations (2.50) and (2.49) is

(2.51)

The coefficients of Butcher table for explicit starting method of 2 stage for equa-
tion set (2.51) are given by
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0ol 0o o
\ B, B,

By expanding equations (2.51), we get:

Bl+BQZO,
1

BQCQ - —%

1
We choose Cy = 2 and get the following starting method.

ol o o

1] 1

S

I
1 1
18 18

In the end, we calculate S~! method as given in [11] to cancel the effects of

starting method.

1 1

0 _ _
18 18

1 4 1
2 9 18
1 1

18 18

2.6 Symplectic Runge-Kutta methods

Symplecticity is the property of preserving area of any system and when it is
combined with RK methods [19] to study the behaviour of Hamiltonian systems,
we get a new class of geometric integrators known as symplectic RK methods.

The relationship among the coefficients of RK method to be symplectic is

biaij + bjaji - blbj = 0, Z,] = 1, e, S, (252)
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Proof : We take the quadratic invariant definition for a function f(z) as
dAMF(2) =< 2, f(z) >=0, V= (2.53)

Here M is a symmetric matrix of square dimension. The above definition is
applied to RK method as
< X, f(X;) >=0.

The equations (2.3) and (2.4) become
< Yn + Zaijhf<Xj>7 f(Xz) >= 07
j=1

< Yo f(Xi) >= —hZaij < f(X5), F(Xi) > (2.54)

In addition to this, the inner product of solution y,, 11 is
< Yn+1, Yn+1 > =< Yn + Z bzhf(Kz)a Un + Z bzhf(Kz) >7
i=1 i=1

=< Yy Yn > +h Y by <y, [(Xi) > B> by
=1

=1
< XD > 2 S by < XA > (259)
ij=1

Using equations (2.54) and (2.55), we have

< Yn+1,Yn+1 > =< Yn,Yn > —h’ Z bia'ij < f(XJ)7f<XZ) > —h? Z bjaji

,j=1 i,j=1
< F(X)), F(X0) > +h% ) by < f(X;), f(X3) >,
ij=1
=< Yo Y > —h? Y (biaij + byaz — biby) < (X)), F(Xi) > .
ij=1

So, for

< Yn+1, Yn+1 >=<Yn, Yn >,
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we get
S

h? Z (biai; + bjaj; — bb;) < f(X;), f(X;) >=0.

Q=1
As we know that

< f(X])7 f(Xz) >7é 0.
So,

S

h2 Z (biaij + bj(lji — bzb]) =0

,j=1

This proves that

biaij —+ bjaji — blb] = 0, \V/’L,j = 1, 2, cet S,

2.7 Order conditions for symplectic RK meth-

ods

The trees of RK methods are catogorized into superfluous and non-superfluous
trees. These trees are used in reducing the number of order conditions for sym-
plectic RK methods. The structure of these trees is explained as follows.
Superfluous trees:

These are the trees that produce same rooted trees when we make any of neigh-
boring nodes to root of the tree [19].

As an example, let take a tree t;

uot f
YRRV
u(ty) v(ty)

The nodes v and v are next to each other. If we take any of root u or v as a root,
the resultant trees u(t) andv(t) become same. So, t; tree will be a superfluous
tree.

Non-superfluous trees:

A tree in which two adjacent nodes can not generate an identical tree is named
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as non-superfluous tree [19].

As an example, consider the following tree to

o0

uv to
Then u(ty) becomes a rooted tree when node u is assigned as root while, when
node v is taken as root we get different tree v(ty) as compared to u(t) as shown

below.

RV,

Y

u(tz) v(t2)

In symplectic RK method case, superfluous trees do not take part in the order
condition while we select only one condition out of any set of non-superfluous
trees. That is the reason for having less number of conditions in symplectic
RK method than standard RK method. This reduction is caused by the use of

symplectic condition and the procedure of this reduction is explained as under.
biaij + bjaji — bzb] =0. (256)

Consider a superfluous tree e—e belongs to order 2 condition. By taking summa-

tion over the symplectic condition provided in equation (2.56) along with b; = 1 as

Zbiaij + ijaji — Zbl Z bj = 0,
i,j i,j i J
2Zbi(1i]’ —1= 0,
1,J
1
Zbiaij = 5
2y

So, this superfluous tree does not act as an order condition in symplectic RK
method.

[ ]

u

Similarly, is a non-superfluous tree. We multiply equation (2.56) by ¢; by

placing summation over ¢ and 7, so that, we have
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Zbiaijcj + Z bjcjaji — Z bl ijCj =0
i — - -
Zba”c]—i-Zbc —— =
Zbawc] Zbc — =)=

We see from the above equations, if one of the above is satisfied, other will also
be satisfied. So, we take one of these non superfluous trees and remaining trees

will be thrown away.

When we look at order 4 trees, we see that tree '<: is non-superfluous and
e-e-ee is superfluous. To develop the relationship between pair of non-superfluous

trees, we multiply equation (2.56) with c? by taking summation over ¢, 7 index as
Zbawcj —i—Zb cjaj; — ZZb'cz =0,
Zb ijCj ~|—Zb]cj 0,
(Z bia,-jc§ Zb ¢ ——)=0,
1,3

Again we find that the satisfaction of one condition gives the satisfaction of other.

So we can take only one out of both.

Similarly, we multiply equation (2.56) with ¢; and ¢; for superfluous tree, we get
Z biciaijcj + Z bjcjajic,» — Z biCi Z bjCj = O,
ij ij i j
2 Z bicia;;ic L 0
- 1Ll Cg 4 — Y
irj
Zbiciaijcj = —
i,J
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For symplective RK method, the conditions based on superfluous trees will not
be considered as an order conditions, so we leave both of above trees. The num-
ber of order conditions of both standard RK and symplectic RK methods are
summarized in the following Table (2.10).

order | RK methods | Symplectic RK method
1 1 1
2 2 1
3 4 2
4 8 3
5 17 6

Table 2.10: Number of order conditions for standard and symplectic RK methods
up to order 5.

2.8 Derivation of order 3 symplectic RK method

Sanz-serna in [34] gave the general format of diagonally impilcit symplectic RK
method. By using this format for order 3, we can calculate the method by solving

only two conditions. The general format for order 3 is as under:

Woo|h
9 9
b b
by + 52 by 52
b b
by + by + 53 by by 53
by by b

Table 2.11: General format of diagonally implicit symplectic RK method of or-
der 3.

Due to symplectic condition, only two order conditions will participate in the

construction of symplectic RK method. Expanded form of these two conditions
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are as follows:

b1 -+ 172 —+ b3 == 1, (257)
1
bict + byca + bsch = 3 (2.58)

By replacing the values of ¢;, ¢y, c3 using the general form of symlectic RK
method in Table (2.11), equation (2.58) gets the following form
b b b 1
bi(5 )% + ba(by + =)+ bs(by + by + =) = - (2.59)
2 2 2 3
Sanz-serna used b; = b3 in equations (2.57) and (2.59) and solved them to get
1 1 4 2
1 > = 1 .-
the values of b = b3 = 5(2 +23 +2 3) and by = —g(l +23 +23). These
values confirm the symplectic condition provided in equation (2.52) and all 4
order conditions of standard RK3 method.

2.9 Symplectic effective order RK methods

The effective order of symplectic RK methods was first developed by Butcher and
Gulshad in [16, 26]. Here, we present the derivation of symplectic RK method
with two stages. We can move towards this construction by utilizing effective or-
der conditions Table (2.9) for RK method and applying the symplectic conditions
on equations set (2.39) to (2.42). In these equations, as links to superfluous tree,
so this order condition is satisfied automatically. Moreover, in equation linked

to non-superfluous trees (a3 + oy = 5), we can skip any tree out of a3 and ay
1
and hence we choose the condition (a3 = §> Now we have to equations for the
construction of effective order method as
p = 1, (260)
(2.61)
We know that, any effective order technique involves starting method, main

method, and finishing method. First we present the Butcher table for main

method as under
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C1 | a1 Q12

Co | Q21 Q22

by by

By expanding equations (2.60) and (2.61) in component form as:

2
> bi=bi+by=1, (2.62)
=1
2 1
Z bZCZ2 = blcf + bQC% = g (263)

=1

Solving equations (2.62) and (2.63) along with consistency and symplectic condi-

tion, we get the following set of Butcher’s coefficients with c¢; as free parameter:

- 1
YT 4B =3¢+ 1)
by — 3(1+4c3 — 4ey)
138 — 3¢, + 1)
B 1
M 8BE — 30 + 1)
_ 3(1+4cf - 4ey)
27 8032 — 3¢+ 1)
_ 24¢} —24cf + 8¢ — 1
M2= T332 3+ 1)
- 12¢2 — 18¢; + 7
T 002 - DBE -3¢ + 1)
_ 3c1 — 2
27320 1)

1
For main method (a))-method, we take ¢; = 1 and the Butcher table will become

12 _1
4 7 28
5138 3
6 21 14
43
7 7
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Lastly, starting and finishing methods of symplectic nature are developed. As
discussed earlier that for all symplectic RK method for s < 3, we use diagonally

implicit configuration of Butcher table as under
B, | By 0

By | 2By By, —2D5

2B, 2By, —4DB,

1
We take By = g to find the starting method as

1|1
sls 0
11 1
6| 3 6
1 _1

3 3

The coefficients of 37! table are calculated by using inverse table provided in [11]

1y _1 1
6 6 3
1 1
s| 0 &
1 1

3 3

A complete compose table of composition Sa/3~! takes the form

1 1

Ll o0 0 0 0 0

1 1 1

Lyl 19 9 0 0

1 1 1 2 1

il3 =3 7 — 0 0

501 _1 13 3

6 3 3 21 14 0 0

701 _1 a4 3 _1 1

6 3 3 7 7 6 3

Tl _1 4 3 g 1

6 3 3 7 7 6
11 4 3 _1 1
3 3 7 7 3 3

The coefficients of above table satisfy both conditions, i.e., symplectic and order
conditions of standard RK method of order 3.
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2.10 Conclusion

In this chapter, we discussed the detailed work already done in the field of RK
methods. We started from the Runge work of extending the Euler’s scheme to
approximate the solution of ordinary differential equations. His approach was
to use Taylor’s series upto higher derivatives to get more accurate method. We
gave Taylor’s method approach to solve any system of differential equation. Later
on, we presented the process of finding out the order conditions required for the
construction of a RK method. As this procedure becomes complex as order of
method goes higher, we are required a new way to calculate these order condi-
tions easily. We explored the modern theory of rooted trees presented by J. C.
Butcher to develop order conditions of RK methods.

In the next part of the chapter, we explained all aspects of this rooted tree theory
by giving details regarding rooted trees, elementary weights, elementary differ-
entials, density, etc. With the help of this theory, we explained and calculated
the order conditions of RK4 and by solving these order conditions, we calculated
classic explicit RK 4 method using simplifying assumptions. In the last part of
the chapter, we moved towards the most recent development in RK methods un-
der the name of effective order of RK methods. We presented all those details
that are essential in the construction of an effective order. Use of B-series and
composition of two RK methods is explained both in algebraic and graphical way.
In the end, we constructed an effective order RK method with order three using 2
stages. Symplectic RK methods are also discussed in detail along with the order
conditions and role of super and non-superfluous trees for Hamiltonian systems.
Lastly, we discussed a very latest development in symplectic RK methods and
that is the construction of effective order for symplectic RK methods. With the
help of this technique, we saw that order 3 method with 2 stages can be con-
structed. This gives us 1 stage benefit than standard symplectic RK method.
In the next chapters, we shall use this effective order technique to RKN methods
and PRK methods to present new ideas in this field.
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Chapter 3

The effective order of RKN
methods

In many practical situations, we deal with system of differential equations con-
taining second order derivatives. The general expression of these type of equations
is given by

y' = flz.y.y). (3.1)

A very simple representation of such system in Newton’s second law of motion
in which force is directly connected with acceleration. As acceleration is the
second derivative of displacement, so when we link this force with any physical
phenomenon, this will result in second order differential equation. As in the case
of Hook’s law, the force is directly proportional to displacement x and can be

expressed mathematically as follows:

F = —kz,
ma = —kux, (3.2)

dr_ _k,

a2 m"

Although any differential equation or system of differential equations containing
second order can be solved by classic RK schemes by converting that equation or
systems in to first order but in 1925, Nystrom presented the method which can
solve such type of differential equations directly with out converting them into
the first order. Such direct methods are known as Runge-Kutta Nystrom (RKN)
methods [23].
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In this chapter, we have presented the techniques to develop a new class of RKN
methods which is termed as effective order of RKN methods. We have presented
some effective order conditions of RKN up to order 5 along with various combi-
nations of starting and main methods. These combinations can be very useful for
researchers to develop effective order RKN methods up to order 5. The following

sections will lead us towards such type of conditions.

e Algebraic structure of solution scheme.

Derivatives of exact solution and their connection with trees.

Order conditions of RKN up to order 5.

Pruning of special Nystrom trees.

Composition of two RKN methods.

Inverse of RKN method.

Effective order conditions of RKN methods.

3.1 Algebraic structure of solution scheme

We have considered the following autonomous system of second order ordinary
differential equations (ODEs).

/7

v =f),  y@)=vo, Y (0) =y (3.3)

where y€ RY and f : RY — R¥. Such system of ODEs can be solved either
with standard RK methods by converting them into the corresponding first order
system of ODEs or by RKN methods that solve such systems directly. The
solution of (3.3) with an s-stage RKN method [A b b ] is

S

K; = yo + cihy, + I? Z a;; f(kj),

j=1

i =yo+ hyo + B2 bif(ks), (3.4)

=1

Yy = Yo + thif(k:i).
i—1
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Where, K; are internal stages, b; and b; are quadrature weights, ¢; are quadrature
nodes and A = (a;;)sxs denotes the matrix of s-stage RKN method. The Butcher
table for RKN methods is

3.2 Derivatives of exact solution and their con-

nection with trees

As in the case with all numerical methods, the order of a RKN method is obtained
by comparing the numerical solution with Taylor’s series of exact solution. The
exact solution contains the higher derivations of given system. The order of
derivatives involved in any scheme depicts the order of method. The procedure
of taking derivatives obeys chain rule and it becomes more and more complicated
as order of the method increases.

Consider the following second order differential equation.

/ !

v =fwy),  y(@) =y, Y (w0) = Yy (3.5)

The repetitive procedure of taking derivatives of equation (3.5) is as follows:

Yy =Y,

v =1
08 L
Y Oy y+8y' / (3.6)
» 0? ;o 0 0 0?
V= W) () T )

82 af o ,of 0

- EN IR y+%%f

We can see that from above set of equations (3.6) as order of derivation increases,
complexity of terms also increases. This problem was overcome by rooted tree

concept presented by Butcher [11], in which he had linked the vertices of trees with
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derivative terms of RK methods. On the same pattern, Hairer presented rooted
tree for RKN methods. In case of these methods, we have Nystrom trees whose
vertices are either fat (t=o) or meager (t=e). The terms having derivatives with
respect to y are represented by meager vertex while terms containing derivatives
with respect to ¢ are represented by fat vertex . For the system (3.3), we use
Special Nystrom (SN) trees where we take only fat vertices as root of each rooted
tree [23]. Moreover, the trees connected with derivatives of equation set (3.6) are

presented in Table 3.1.

Derivative terms Trees

' g
PRV IEVIE SR VARV AR O

Table 3.1: Derivative terms and corresponding rooted trees up to order 4.

3.3 Order conditions of RKN up to order 5

The order of RKN method is obtained by comparing Taylor’s series of ¥y, ¥, with
true solutions y(xo +h) and y (o + h). Based on the algebraic theory of group of
RK methods due to Butcher [7], the elements of RKN group are functions from
Nystrom trees to elementary weights associated to order conditions. Thus for

any a € GG acts on a Nystrom tree as a(t;) = a;, such that, we have, for example,
ag = Oé(tg) = Oé( g ) = Zbici4'

These conditions can be formed by relating elementary weight function ®(¢;) with

density value 7(¢;). The governing equation that creates the conditions is



For RKN methods, we use thirteen order conditions as illustrated in [23]. A
complete detail of all these conditions along with their relevant order is presented
in Table 3.2.

1
t; Trees order y(t; d(t;) =
(&) (&) (i)
t1 o 1 1 E b;=1
1
t2 l 2 2 z bicz == 5
1
ts Y 3 3 Shet =
¢ 1
t4 3 6 Zbia”L] = —
ty \% 1 1 S bt = -
le X} 4 8 Z bz‘CZ‘CLij
i 1
t7 4 24 Z bZ‘CLZ]C] ﬂ
ts g 5) 5 Z blc;1 = —
W by 1
t9 5! 10 ZblcZ Qjj = E
{/ 1
th 5 20 Z biamazk = —
tll & 5 30 Z biCZCLZ]CJ ==
12 x{ 5 60 S biasz? il
{ 1

Table 3.2: Rooted trees and Order conditions up to order 5.
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Equations involving coefficients of Butcher’s tableau can be derived by expand-
ing order conditions provided in the last column of Table 3.2. These coefficient
are used in solution scheme provided in equation set (3.4). For example, the
component form of order conditions up to order 4 for an explicit RKN method is

presented in the following set of equations:

b1+b2+b3+b4:1,

1
bQCQ -+ 19303 -+ b4C4 = 5,
1
bacs + bycs + bach = 3
1
boag + bs(asi + asz) + ba(aqr + asp + ag3) = 6
. ; , 1 (3.7)
b262 + 6363 + b4C4 = Z,
1
bocoag + bscs(ags + ase) + baca(as + ase + as3) = 3
1
byasaca + ba(asaco + aszcs) = Bk

We are only dealing with Explicit RKN methods, therefore the coefficient ¢; =
aj; = agy = azz = agq = 0 in equations set (3.7). By solving these equations
along with consistency condition ) a;; = %2, we can form RKN method of order
four with three or four stages.

For effective order RKN, we need to develop effective order conditions for RKN
so that we are able to develop order 4 method with two stages or order 5 with
3 stages. In [23], RKN method of order four and five with three stages and four
stages, respectively, is already constructed from classical order conditions pre-
sented in Table 3.2. For effective order conditions we need to make composition
of two methods. This composition can be obtained by pruning of trees and al-
gebraically. Both compositions must give the same result. We can assign two
elements o, f € G to RKN methods M and S, respectively, for pruning of trees

and for their algebraic composition.
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3.4 Pruning of special Nystrom trees.

For the two RKN methods M and S, their composition for the tree ¢; is given as

5(1( i ) = Br + ay + Boay — B3y + Pacry + ag. (3.8)

The terms on right hand side of the equation (3.8) are obtained from Table 3.3.
The pruning of a SN tree t yields sub-trees v and ¢ \ w, such that ¢ \ u is the
remaining set of trees when u is chopped off t. Columns of Table 3.3 show the

procedure of different cuts and their resultant trees as follows:

1 2 3 4 5 6

REEIEIRA
uiizoo

. .z;%g

term | ar oy Baaz | Ba2ay | —Pza1 | Br

Table 3.3: Calculation for the term Sa(tr).

e In column 1, we cut nothing from tree ¢ so t \ u is empty and u contains

the whole tree ty.

e In column 2, we cut the edge joining the meager and fat vertex. So, u
contains t4 while ¢\ u contains a single meager vertex. As we are considering
only SN trees, where meager vertex cannot be a root of a tree. So, by
ignoring the meager vertex tree and considering the order condition of ¢4

only, we get the term ay.

e In column 3, we cut the edge joining fat and meager vertex. The result

consists of tree ty in both u and ¢\ u and the term we get is [Syvs.
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e In column 4, when a meager vertex appears between two fat vertices, we
cut this meager vertex itself. We get ¢; in u and 5 in ¢ \ u, thus giving us

the term foa.

e In column 5, we cut the edge between the meager and fat vertex. Thus u
becomes a fat vertex only and ¢\ u has a tree whose root is a meager vertex.

However, we do not take a meager vertex as a root. So we assign the root

to the nearest fat vertex and the tree % becomes \{' Moreover, we change
the sign from +ve to -ve of the associated functions «(t;) and £(¢;). Thus

we get the term —[(s3a;.

e In column 6, a complete tree is removed, so u is an empty tree and ¢ \ u is

the tree itself and the term we get is (7.

3.5 Composition of two RKN methods

The two RKN methods are composed in such a way that first method enhances
solution from , to y;, while second method took the solution from y; to yo. Thus
in the end we get a combined composed form of two methods which will help us
in the construction of different sub trees . Consider the following 3-stage RKN
methods M and S having Butcher tableau’s:

€| i1 12 Q13 Cy| An A A
C2 | 21 Q22 Q23 Co | Ay Agp Ags
M-method: ¢35 | as; ase ass , S-method: (5 | A3, Ay Ass .
by by Dby B, By, Bj
by by b3 By, By, Bj

Now, we first apply M-method using solution scheme (3.4) to up lift solution
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from y, to y; and y(') to y, as:

K1 = yo + heryy + BPlan f (K1) + an f(K2) + ars f(KG3)),

Ky =yo + h@y& + WP[any f (K1) + asa f (K2) + ass f(K3)],

K3 = yo + hesyo + B2 lagi (K1) + asa f(K2) + ass f(K3)), (3.9)
y1 = Yo + hyg + W20y f (K1) + ba f(K2) + by f (I))],

Yy = Yo + h[brf (K1) + baf (K3) + bs f(K3)].

)
(

S-method is applied on y; & y, to get ys & y, by using solution Scheme (3.4)

again as:

Ly = y1 + hCiyy + R [Anf(L1) + Ao f(Ls) + Ais f (L)),

Ly = y1 + hCoyy + h*[Asi f(L1) + Az f(Lo) + Ass f(Ls)],

Ly = y1 + hCsy, + h*[As1 f(L1) + Asa f(L2) + Ass f(Ls)), (3.10)
yo = y1 + hyy + h*[B1f(L1) + Baf (Ls) + Bsf(Ls)],

Yo =Yy + A[B1f(L1) + Baf (L) + Bs f(Ls)].

Now we place the values of y; and y/l from equation (3.9) into Ly, Lo, L3, yo, and
y, of equation (3.10) to get a composed table of two methods which will uplift
the solution from 7y to y,. The simplified form of such composition is expressed

in the following system:

’

Ly =yo + h(1 4 C1)yy + h*[(b1 + b1Ch) f (K1) + (bg + boCh) f(K2) + - -
(b3 + bsC1) f(K3) + Ai1 f(L1) + Araf (L) + Ars f(L3)],

Ly = yo + h(1 + Co)y + h2[(01 + b1Co) f (K1) + (by + byCo) f(Ko) + - - -
(b3 + b3Ch) f(K3) + Ao1 f(L1) + Asa f(La) 4 Ass f(Ls)],

Ly = yo + h(1+ Cs)yo + h*[(by + b1Cs) f (K1) + (by + boCs) f(Ka) + -+ (3.11)

(b3 + b3C3) f(K3) + Agi f(L1) + Asa f(2) + Ass f(L3)],

ys = Yo + 2y + B*[(b1 + br) F(K1) + (bs + ba) f(K2) + (bs + bs) f(K3) +
Bif(L1) 4+ Baf(L2) + Bsf(Ls)],

Yo = Yo + hlby f(K1) + ba f(Ks) + bs f(K3) + By f(Ly) + Baf (L2) + B3 f(Ls)].

The combined table of above composed scheme (3.11) is
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c1 an a1 a3 0 0 0
Co a1 a9 (93 0 0 0
C3 asy aso ass 0 0 0
14Oy [ by +51Cy by + 0,01 by +b301 Ay A A
14+ Cy | by +b6,:Cy by +byCy by +b3Cy Ay Agy  Agg
1+Cs | by +b105 by +b0yC5 by +b3Cs  Agp  Asp  Ags
by + by by + by bs+b; By, DBy Bj
b1 bo b3 By, By Bj

Table 3.4: Combined composed table of M.S scheme.

where b; = b;(1 — ¢;) [23] is a simplifying assumption of RKN methods. The

algebraic verification of the order condition related to the tree i by using the

compact form of composition Table (3.4) is as follows

Q4 0 C;
Zbiaijcj = (bi Bi) (bi +lj7z‘Cz‘ Aij) (1 +Ci> )

= (biay + Bibi+6C) BiAy) <1+0)’

biaijcj + Blcl(bz — biCi + blCl) + BzAZ] + BiAijCja
bz-aijcj + BlAz] -+ chZBlCl — sz?Bz + szsz + BiAijCj,
= [r+ay+ Boay — Bzag + Brag + ag,

_ m(i). (312

In above verification of different sub-trees of ¢7, it should be noted that small
letter coefficients are the part of M-method and these sub trees are represented
by 6; while coefficient represented by capital letters belong to S-method and there
sub-trees are represented by «;. We shall use same method of pruning of all SN

trees up to order 5 for construction of effective order conditions of RKN-method.
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3.6 Inverse of RKN method

In the previous section, we have constructed the composition of two RKN meth-
ods, which is basically forms a multiplicative operation of RKN group. In this
section we are going to present identity element and inverse for an equivalence
class of RKN. Here, we consider method M, as an identity element that maps an
initial value to an equal value provided by a given continuous function keeping
h is very small in such a way that for any RKN method M, the composition or
multiplicative operations of [My - M| = [M - My| = [M]. For our convenience,
we take this identity class as 1. To prove the existence of identity class, we need
to construct an inverse of RKN method M such that the composition of this
method with its inverse will lead us to identify an equivalence identity class. For
the construction of inverse RKN (M ~!), we start from method M and its one step
movement as described in equation (3.9). This will lead our initial solution from
Yo to y1. From this scheme, we shall develop a Butcher’s table, which enables to

move back from y; to initial solution yy. The procedure starts as follows:

C1 | 11 Qa2 A13

Co | Q21 Q22 A23

M-method: ¢35 | as; ass ass

by by b
bi by b3

Now, we first apply M-method using solution scheme (3.4) to update solution

from g to y; as:

Ki=yo+ hC1yé + BPlan f (K1) + arnf(K2) + a3 f(K3)), ( )
Ky =y + hC2y6 + h2[a21f(K1) + ag f(Ks) + assf(K3)], ( )
K3 = yo + hesyg + hPlasy f(Kq) + asa f(Ky) + ass f(K3)), (3.15)
Y1 = Yo + hyg + BP0y f (K1) + b f (IG) + by f (K], (3.16)
Y1 = Yo + h[bif (K1) + bof (Ks) + ba f(K3)]. (3.17)
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From equation (3.17), we get y, as

/

Yo = Yy — hlbyf (K1) + bof (K3) + bsf(K3)]. (3.18)

From equation (3.16), we take the value of yy and place y(,) in it from equation

(3.18) as under

Yo=Y — hyé) — R2[by f(Ky) + bof (Ka) + baf(K3)],
Yo = y1 — hlyy — BlbLf(K1) + bof (K2) + bs f(Ks)]] — h*[by f (K1) + bof (K) + bs f(K3)),
Yo = y1 — hyy — B2[(by — b)) f (K1) + (ba — b2) f(K) + (bs — bs) f(K3)). (3.19)

Now using equations (3.18) and (3.19) in equations (3.13), (3.14) and (3.15), we
get

Kf1=y1+h(01 Dy, + h*[(b (1 = 1) = by + any) f(Ey) + -
(ba(1 — 1) — by + ar2) f(K2)] + (bs(1 — cl) — by +ai) f(K3)],  (3.20)
Ky' =y + hcs — 1)y1 + h2[(b1(1 = ¢2) — by + az) f(K) +
(ba(1 — 3) — by + ags) f(K)] + (bs(1 — c2> — bog + ags) f(K3)],  (3:21)
K3t =y +hlcs — D)y, + h2[(bi(1 — ¢3) — by + az1) f (K1) +
(

(b2(1 — Cg) — bg + (132) ( )] + (bg 1— 03) - b33 + agg)f(Kg)]. (322)

The equations (3.18) to (3.22) forms M ' method and whose Butcher’s table is

as follows:

ci—1|b(1—c))—b+an by(l—c))—by+ap b3(l—c))—bs+aps
co— 1| bi(1—cy)—by+an ba(l—cy)—by+agy bs(l—cy)—bg+ ass
cg—1 | bi(1—c3) —by+as ba(l —c3) —by+asy bs(l—c3) —bs + ass
by — by by — by bs — by

—by —bs —b3

Table 3.5: Inverse of RKN of order 3.

The general form of inverse of RKN method for s-stages is represented by following
Butcher’s table:
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61—1 b1<1—01)—l_?1+6611 bg(l—cl)—gg—i—alz bs<1—01)—l_73+a15
02—1 b1<1—02)—l_)1—|—(121 b2(1—02)—52+a22 bs<1—02)—55+a23
Co— 1| b1(1—cs) —by+ag ba(l—cg) —by+ as bs(1 — ¢;) — by + ags
by — by by — by by — by
—by —by —bs

Table 3.6: General form of s-stage inverse RKN.

2

The table above holds the consistency conditions Z% = > a;; by using RKN
— 1

conditions | b; = 3 and > b; = 1. This method reverse the action of method M,

so it is denoted by M ! and composition of this inverse method with M-method

will result as identity equivalence class. The following theorem will prove this

result.
Theorem 1. Let M denotes an RKN-method, then [M - M~ =M~ - M] =1

Proof. First, we present the composition of MM~ by placing the values of y;
and y, from equations (3.16) and (3.17) of M-method in equations (3.20) to
(3.22) for stages along with in equations (3.18) and (3.19) for 7 and b of M1
method, respectively. This will give us composition of MM~! for three stages

and is complied in the following butcher’s table.

c1 ail a2 ais 0 0 0
c2 a1 a22 a3 0 0 0
c3 asi as2 ass 0 0 0

C1

c2

c3

51 +b1(01 — 1)
51 +b1(02 — 1)

51 +b1(03 - ].)

52 + bz(cl — 1)
52 + b2(62 — 1)

52 =+ bQ(C3 — 1)

53 + b3(61 — 1)
53 + b3(02 — 1)

53 + b3(63 — ].)

bi(1—c1) — b1 +an
bi(1 —c2) — b1 + a2

bi(1—c3) —b1 +as:

ba(1—c1) — bz + a2
ba(1 — c2) — bz + a2z

ba(1—c3) — b2 + a2

b3(1 —c1) — b3 + a13
b3(1 — cz) — b3 + azs

bs(1 — c3) — b3 + ass

by + by bo + by b + b b1 — by bo — ba bz — b3
b1 bo b3 —b1 —bo —bs3
Table 3.7: Composition table of MM,
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Now, for the composition of MM, we start from equations (3.18) and (3.19)

by taking the values of y(l) and 1o from M ~! method and placing it in equations

(3.13) to (3.17) to get composed form of M ~!M and is represented in the following

Butcher’s table.

e1—1 | bi(l—c1)—bi+air ba(l—c1)—ba+aiz bs(l—c1)—bs+as 0 0 0
co—1 b1(1702)751+a21 b2(1702)752+a22 b3(1702)753+a23 0 0 0
c3—1 | b1(1—c3)—by +asr ba(l—c3) —ba+aszz b3(l—c3)—bs+ass 0 0 0
c1 —1 bi(c1 — 1) — by ba(c1 — 1) — ba b3(c1 — 1) — b3 a1l aiz a3
co—1 bi(ec2 —1) — by ba(c2 — 1) — by bz(c2 — 1) — b3 as1 as2 as3
c3—1 b1(cz — 1) — by ba(cz — 1) — bo b3(cz — 1) — bs as1 az2  ass

—b —bo —bs b1 by b3

—b1 —ba —b3 b1 ba b3

Table 3.8: Composition table of M~1M.

Each of above composition is P-reducible to M and M ~*, respectively, as (3 a;;) =
(- aij) - and (3 bi))m= (D b;)am—1 for each composition. Thus each method

lies in equivalence class 1. [

3.7 Effective order conditions of RKN methods

For the construction of effective order RKN methods up to certain accuracy, we
need starting and finishing RKN methods, both of which are applied only once.
A RKN method M of classical order ¢ needs starting method S and a finishing
method S~! so that SMS~! has the required effective order ¢. This in turn
implies the following relationship must be established for all trees up to order g

as shown in Table 3.9.

pa(t) = EB(),
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where F represents the exact flow and is given as

where ~y(t) is the density of tree t.

(Ba)(t:)

(EB)(t:)

t1

to

t3

ta

ts

te

t7

tg

tg

tio

t11

t12

t13

e D G o L oee |

B1+ a1
B2+ a1+ az

B3 +2as + a1 + as

B4+ 21 +a1f1 —a1B2 + oy

Bs + 3a3 + 3az + a1 + as

Be + Pras + 2P1a2 + Pfoaz + ag + frar — fear + ag

B7 + s + faaz — Bzar + Bear + ar

Bs + 4os + 6asz + daz + a1 + g

Bo + Bras + 3B1a3 — B2z + 2a6 + ag + 3Braz — 2[2az - - -

+p1a1 — Baa1 + ag

B1o + 2B106 + 2B104 — 2B2c4 + Bias + 2BFas - -

—2B1 B2z + Biar — 2818200 + Brar + a0

B11 + ar + as + ag + Beaz + 2PB2az — Bzas + fear — Bzar + a1

B12 + 2a7 + ag + Bzaz + 3o — Bsar + aiz

B13 + Brar + frag — Pfaay + Baaz + Baar — Bran + a3

1+ 5

1
5+ﬁ1+52

1
§+/31+2,32+ﬁ3

1 1
6+§ﬂ1+52+,34

1
ZJrﬁl + 382 + 303 + 85

1 1 3
§+551+§ﬂ2+33+ﬁ4+56

1 1 1
ﬂ+851+552+54+68

1

5+51 +4B2 + 683 + 485 + Bs

1 1 5
E+551+252+5ﬁ3+54+ﬁ5+256+,89

1 1

%*251 + B2 + B3+ B4+ 286 + P1o

1

1 2 1
ZBy+ ZPa+ =p3
30+6ﬁ1+352+25 + B4 + Be + Br + P11

1 1 1
— 4+ = = 2
& + 1251 + 352+ﬁ4+ B7 + B2

1 1 1 1
ﬁ+§ﬁl+gﬁ2+§54+ﬁ7+ﬁl3

Table 3.9: Sa and Ef for trees up to order 5.
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Comparison of the last two columns of Table 3.9 results in effective order con-
ditions containing o’s in terms of ’s and with the help of these conditions we
can calculate starting and main methods of different order. A complete list of

effective order conditions for all trees of order up to 5 is provided in Table 3.10.

q | Effective order conditions

1| ag=1

1
2 =By — =
ag = 1 5

1
3 a3=§+2,32—/31

1
a4=6+252—5%

1
4 045:—1-&-353—3,324-51
! +B1s+ 8 +15 B1B
og = — — — —
6 2 4 3 6 1 1P2

ar=-o +/34+53—252+%,31+6f—/3lﬁz

1
5 a8=g+455*653+452*51
= L 285+ s — Bat 2B3+ SPa— =y +20% — 38,8
a9760 6 5 4 2 3 2 12 1 2 1P3

aip = Lo 38281 + 286 + 383 — 26183 + B — zﬁ% + B4+ B3 —2B1B4 + éﬂz
20 3 3

1

1 1 9
30+67+56_64—63+552_651+5261+5153—252

a11 =

aly = %+257*54+gf32* 351 - 253+55 — B1B3 — B + 26281

1 1 1 1
2 = — — —_— — 2__p2 3
a3 = oo + 287 + 3/32 + T B1 — 28184 + 283 661 B183

Table 3.10: Effective order conditions up to order 5 on « in terms of /3 .
We can obtain RKN methods M, S and S™! by carefully selecting different values

of 3 to ensure classical order p for the main method M and effective order ¢ for

the composition SMS~! as given in Table 3.11.
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q p | Order conditions for main method Order conditions for starting method
1 1 1
3 2 OL1=1,O¢2=7,6(O¢3—O¢4):1 B =1, Pa=-as+ —
% 2 3
4 2 041:170421576043—6044:1, ﬁ1:17ﬁ2:§+§a3,
1 1 1
dor — dog + das = 1, =~} las+ —as,
a7 — 4dag + 4as B3 2 + 2043+ 395
B Lo +
= - — -« ag,
1 1 1 - 8 3 i : 1 1
4 3 =1, = -, = —, = - =1, = -, = — -
o az = 5,03 = S04 = ¢ B1 B2 5 B3 2 + 305
12 12 1 gg= Lyl
e — a7 =1, = — -
6 7 3 le :% 5
=-—-as5+t«a
1 o 8 3 j 16
5 2 =109 =< =1,8=-+=
a1 ag =g B1 152 13 + 21a3
3619 — 36cg + 9ag + 6z — 9a§ =1 B3 = E + 5053 + §a5
1 1
30a12 — 6011 4+ 309 — 158 - - - B4 = i ga5 + ag
+30 15 4502 4 B L1 +1 +1
as — 15as — 4bas = — =———a —a3 + -«
5 8 3 5T T 12047 T 4™ T Q™
180 360a11 + 180 45 B +1 L + ! L 2+1
13 — «a ag — 45a8 - - - = — 4+ -ag— —« —a3 — -« —a
13 11 9 8 6802618811234329
180 60as — 300336002 = —14 = — — — —Qg -
+180a + 6005 0336003 B7 730 12a3+ 2a6+ 8018
+§a2 1oz —ab+ «
1 422 91 1 111 1 1
5 3 =1, = -, = -, = - =1, = -, = — —as, [ ,
al ag=g,a3=g,04 =g B1 3/52 12 531 1tz Ba g ¥ tas
12 — 12 :—1;4 — 4 :0; - —ab —
arz g 19 — 4ag + ag Bs 41104-20; +‘11a8 :
1012 — 2011 + 109 — 5ag + 105 = 2 Be = 51(;9 + %70 - gos + 516%'. 1
60a13 — 1200(111 + 60043 — 15chl+ 60as + 205 = 12 | Br = 220 + 51046 — 5(149 + goc? — gocs + a1
5 4 =1, =5 = == =1, = -, = —; ==
a1 az = .03 = o,04 = B1 B2 263 364 B
11 PR
040747046*87047*24 5*51 4;1&
4 —4 =0 - — _Z -
a0 — 4ag + as Be 110 8048+ ag X
20012 — 40 2000 — 10as = —1, = “a8 — -
12 a1 + 209 s Br 30 + 11 + e 529
120&13 — 240&11 + 120&9 - 30(18 =-1

Table 3.11: Effective order ¢, classical order p conditions for main and starting
methods.

3.8 Conclusions

In this chapter, we extended the idea of effective order to RKN methods and
provided a classification of effective order conditions up to order 5. Explanation
regarding the group structure of RKN methods is discussed by using composition
and inverse of RKN method. Existence of identity class is also proved through

composition of RKN method with its inverse.
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Chapter 4

The effective order methods for
PRK method

In Chapter 2, we discussed the effective order techniques for RK methods. In this
chapter, we shall apply those techniques to construct effective order of Partitioned
Runge-Kutta (PRK) methods, symplectic and mutually adjoint PRK methods
for Hamiltonian type systems of differential equations. Thus for the effective
order PRK methods, we construct two main methods together with two starting
and two finishing methods. The conditions for effective order up to 5 are derived
in this chapter. With these conditions we can construct methods with effective
order 2 < g < 5 such that the main method has classical order 2 < p < 4.
Moreover, we have constructed an effective order 4 method with 3 stages. This
results in obvious reduction of the implementation cost because, order 4 RK
methods require 4 stages and it is a well known fact that if a PRK method is
of order 4, both RK methods that comprise the PRK method will be of order
4 and hence requires 4 stages [21, 34]. Also, a family of explicit symplectic and
mutually adjoint symplectic PRK methods are derived with effective order 3 for
the numerical integration of the separable Hamiltonian systems. The numerical
experiments on these systems through explicit symplectic and mutually adjoint
symplectic PRK methods confirm good energy conservation, which confirms the

efficiency of these methods.
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4.1 Algebraic structure of PRK methods

Consider a separable system of initial value problem

( Z )l - < ;c((;)) ) y(o) = yo,  z(x0) = 20. (4.1)

Such systems arise frequently in Hamiltonian Mechanics. In order to solve such
systems, it is natural to use PRK methods for the numerical approximation.
Thus, we take two s-stages RK methods M = [A b ¢] and M = [A b ¢ and
solve system (4.1) such that the y-components are numerically integrated by M

and the z-components with M as follows

s—1 s
leyn—i-hZa”f(Z]), Z1:Zn+hzfd”g<y;) 1= 1,2,...,8,
= = (4.2)

s

Yn+1 :yn+hzbjf(zj)u Zn+1 :zn+hzgjg(yj>7

j=1 j=1

where, Y; and Z; are the stages for the y and z variables, b; and g, are quadrature
weights, ¢; and ¢; are quadrature nodes, a = (a;;)sxs and @ = (a;;)sxs are matrices
of s-stage PRK methods. The Butcher tableaux for: PRK methods are

a

C a C

Y ’ET

2

4.2 Order conditions and bi-color rooted trees

A rooted tree is a non-cyclic graph containing vertices and edges with one vertex
acting as a root. A bi-color rooted tree is a rooted tree such that vertices can
either be black or white in color. Bi-color rooted trees with black vertex as root
is represented by t whereas ¢ represents bi-color rooted trees with white vertex
as root.

Order: The total number of vertices in a bi-color tree is the order of the tree
and is represented by r(t).

Density: The densityy(t) is a recursive relation computed as a product of the
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order of a bi-color rooted tree and the densities of the sub trees after pruning the

root.

Example: Consider the bi-color tree \2 with r(t) =5, v(t) =5 x 4 x 2 = 40.

Order conditions: By comparing the numerical solutions in equation (4.2)
with Taylor’s series of the exact solution, we obtain order conditions that must
be satisfied to derive practical numerical methods. In order to understand this,
we investigate the connection between the derivatives of the exact solution and

the bi-color rooted trees. The derivatives of the exact solution are:

yM = f(2), 2 =g(y),
af g
@2 _ 91 2 _9%9
Y 5.9 ayf’ (4.3)
o*f df dg d%g dg of
@ _ 91 9] 99 (3) _ 999]
Y 5% 9s (9,9) 5 ayf’ 3y 6y<f7 f) 9y 927

We can represent these formulas graphically using bi-color rooted trees. Thus
f is represented by a black vertex and g is represented by a white vertex. The
differentiation is represented by an edge. Since we are only considering differential
equations of the type equation (4.1), where f depends only on z and g depends
only on y. Therefore, we only consider trees in which a black vertex has a
Such trees are given in Table 4.3 and Table 4.4.

The quantities on the right hand side of equation (4.3) are termed as elementary

white child and vice versa.

differentials and can be represented by bi-color rooted trees as shown in Table 4.1.

t Elementary differentials D(t) i Elementary differentials D(t)
° b b; ¢} g bi
7] _ 17) =
T 8{ g bid I % f bic
% o2 f V4 8%g -
) ) bi~27 ) bz 2
92 9, 9 9) & By 0y (£, 1) <
af o E g 0 -
% lif b;a;jc; ilg b;a;;c;
0z Oy Oy Oz

Table 4.1: Elementary differentials and elementary weights of bi-color rooted

trees.
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The elementary weights ®(¢) and ®(¢) are nonlinear expressions of the coefficients
of PRK methods and can be related to bi-color rooted trees as shown in Table 4.1
[11, 21]. A PRK method is of order p iff

O(t) = — and O(t) = —.

for all bi-color rooted trees t and ¢ of order <p.

Basically, RK methods belong to an algebraic group G whose elements are func-
tions acting on rooted trees. Corresponding to the methods M and M , we define
functions «, @ € G which maps trees to algebraic expressions in the coefficients
of the PRK methods, known as elementary weights. The function « acts on
trees ¢ and the function & acts on trees ¢. For particular ¢; & E, a(t;) = a; and
a(t;) = a;, such that,

o V)= ber,  aY) = b

4.2.1 Composition of PRK methods

We can define composition of two PRK methods in terms of their functions from
group G. Let o, a, 3, /E € (G corresponding to methods M, M, S, §, respectively.

Multiplicative group operations Sa and B& can be defined and we have
/B@(W) = ﬁ5 + 3%1043 + 35%0[2 + E?Oél + Q5. (44)

The terms on the right hand side of equation (4.4) are obtained from Table 4.2.
Here we have trees t, u, and ¢\ u. The tree u is a sub tree of tree ¢, and ¢\ u is the

remaining set of trees when u is chopped off t. We can look at the composition

BNIR AR AN IR AN AR AR 3N
u VIVIVITIL][TL] .V
t\uWoooooooooooo

term Bs Bras Brag Bras BZo BZas BZas B2on as

Table 4.2: Calculation for the term Sa(ts).

of PRK methods by considering their Butcher tableaux as follows: Let M, M , S

and, S have Butcher tableaux:
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c a 0 c a 0
C+Y0 bl b A  C+Y5 b| b A
vT BT T BT

For the composed PRK method, the order condition related to tree W is

bid + Bi(Ci + b;)® = bie® + 3B,C%h; 4 3B,Cib? + Bib? + B,C?,
= Bs+ 3B + 3512042 + B?Ch + as,

= Ba(t\v).

4.3 Effective order of PRK methods

A Runge-Kutta method M has an effective order p if there exists a starting
method S and a finishing method S~! such that SM S~ has the required order p
[9]. For PRK methods, we want to construct two methods M and M together with
two starting methods S and S and two finishing methods S~ and S~! in such
a way that SMS~! and SMS~! have the required effective order. The starting
methods S and S do not advance the solution but only act as perturbations and
are applied only once. The main methods M and M are then applied for n
number of iterations followed by finishing methods S~! and 51 applied at the
end only once to undo the effects of starting methods. The existence of inverse
methods S~! and S~! is guaranteed because RK methods form a group [11].

In order to calculate effective order conditions, we compute Sa(t), ES(t), 5&(?),
Eg (tN) in Table 4.3 and Table 4.4, where FE is the exact flow given as
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t;

(Ba)(t:)

(EB)(t:)

t1
t2

t3

tq

ts

te

tr

ts

to

t10

t11

t12

t13

t14

t1s

tie

ti7

L R L e L% (L Qe e d

B1+ o1

Bo + Bro1 + az

B3 + Bfal + 28102 + a3

Ba + Braz + o + aa

Bs + 3B1as + 362a2 + Biar + as

B + Braa + Bacz + Bras + F1B2a1 + F1Bias + ag
Br + Bsar + 2B1aa + BRas + ar

Bs + Bac1 + Boaz + Braas + as

Bo + 4B1as + 63%04:; + 43?042 + Eiloq + a9

Bro + Baaz + 2B1a6 + Pras + E%Ou + 261 822

+2B1 8103 + 5%52041 + 5%520@ + a1o

Bi1 + Biar + Baaz + 28106 + 261 flaa

+h1Bsa1 + Bias + f1f7az + a1l

Bia + Brosg + Baas + Baaz + Bacs + B1fac

+Blﬂ%a2 + B%Cm + a12
B13 + 28106 + 2B2ca + 261 B2 + B2az + B2ar + a3

Bi4 + Bsar + 38107 + 38204 + Bas + a1a

Bis + Bsou + Bocua + Bras + Brar + B1Brou + Bifaca + ais

Bi6 + Bran + Baaz + 2B1as + E%Oq + aue

Bi7 + Bsou + Bacz + Bacy + Bras + air

5

1+ 61

1
5“!‘51"1‘52

1
§+51 +2B2 + B3

1 1
6+551 + B2 + B4

1
Z+51 + 382 + 383 + Bs

1 1 3
§+§51+§52+ﬁ3+54+56

1 1
— +z 2
12-i-351 + B2 +2B4 + Br

1 1 1
ﬂ+861+§ﬂ2+ﬁ4+58

1

g+4/35+6/33+452+/31 + Bo

1 5

— + -B3+2B6+ 065
10 2 1
+B4 +2P2 + 5/31 + B10
1

15
+§51 + B3 + P11

4
+ Br + 5,32 + 286 + 284

1
30

2 1
+ Bs + 552+553+ﬁe
1
+8611 + B4 + P12

1 1
%+256+ﬁ4+52+53+151 + B3

1

1
20 +151+3ﬁ7+354+ﬂ2+514

1

1 3 1
40+§51+§ﬁ4+ﬁs+ﬁ7+5ﬁ2+515

1 1 3 1
E+§ﬂl+554+ﬁs+ﬁ7+552+515

1 1 1 1
ﬁ+ﬂﬁl+gﬁ2+§ﬂ4+ﬁs+ﬁl7

Table 4.3: fa and E for trees up to order 5.




ti

(Ba) (t:)

(EB)(t:)

t1

to

t3

t4

ts

tg

to

e el ol D e, S G el L e L on

B1+a
B2 + Br@1 + @

B3 + B3an +2B1a2 + &3

Ba + B1a2 + a1 + da

Bs + 3B1d3 + 382a2 + B3a1 + as

B6 + B1a4 + Bodia + B1ds + B1Bedn + B1Praz + do

Br + Badr + 28184 + Bfa2 +ar

Bs + Bad1 + Podiz + Brda + as

Bo + 4B1ds + 6823 + 483as + Brar1 + ag

Bro + B2ds + 26136 + Prds + B2ay + 21 B2ai2
+281 813 + 828201 + ,8%52&2 + aio

Bi1 + B1@r + Bada + 26186 + 2615104

+B1B3G1 + B2as + B182a2 + dn

Bia + B1ds + Badia + Bodiz + Badis + B1Badn

+,31,§%5?2 + B384 + d12
B3 + 2B1&6 + 2B2da + 281 B2da + B2a3 + B2a1 + A3

Bra + Bsar + 3Prar + 382aa + B3az + dia

Bis + Bedin + Podia + Bras + Brar 4 B1B184 + B1Badia + dus

Bi6 + Bran + Padz + 26138 + B2a4 + a6

Bi7 + Bsdin + Badia + Badia + Brdis + air

1+ 6
LB+

[\

1 -~ -~ -
3 B1+ 282 + B3

1 1~ ~ ~

6+551 + B2 + B4

1 =~ . -~ -
Z+51 + 382 + 383 + Bs

1 1~ 3~ ~ ~ ~
§+§51+§52+ﬁ3+54+56

1 1~ ~ ~ ~
— 4= 2
12+351+,32+ Ba + Br

1 1~ 1~ ~ ~
ﬂ+861+§ﬂ2+ﬁ4+58
1 . . SO
g+4/35+6/33+452+/31 + Bo

1 5~ - =
— + -B3+2B6+ 065
10 2 1

+B4+ 262 + 5/31 + B1o

1 ~ 4~ ~ ~
— — 2 2
15+57+3,32+ Be + 24

1~ ~° <
+§51 + B3 + B11

1 ~ 2~ 1~ ~
%14:58 t 5’82~+ 553 + Be
+861 + Ba+ P12

1~ 1s
%+256+ﬁ4+ﬁ2+53+151+513

1

1~ ~ -~
20 +151+3ﬁ7+354+ﬂ2+514

1

1~ 3~ ~ ~ 1~ =
40+§51+5ﬁ4+5s+ﬁ7+552+515

1

1~ 3~ ~ ~ 1~ ~
40+§,31+5ﬁ4+68+57+5ﬁ2+/816

1

1~ 1~ 1~ ~ ~
120 +ﬂﬁl +8ﬁ2+5ﬂ4+ﬁ8+ﬁl7

Table 4.4: E& and Eg 76for trees up to order 5.




and ~y(t) is the density of tree t. For main methods M and M to have effective
order p, we must have S8~ (t) = E(t) and Baf '(t) = E(I) for all trees up
to order p [11]. This is equivalent to having Sa(t) = EB(t) and Ba(t) = EA(D),
which provide us algebraic conditions that must be satisfied for all trees of order

up to p. Table 4.5 illustrates effective order conditions for all trees of order up to
5.

q Effective order conditions
1 a; =1, a; =1
T — T
2 042—57 062—5
I _ I ~
3 a3 =3 +20, a3=z+28
1 - _ N
ar=—-+P2—P2, ocu=_-+P2—Pp
6 6
T _ T ~ ~
4 as=—+3B2+3B3, a5=—+3B2+383
1 3 ~ . 3~ 1 ~ ~
aﬁ—§+552*552+53+547 a6—§1+§f32*5/52+53+ﬁ4
a7zﬁ+ﬂ2—ﬁ3+234, a7:T+B2_63+2ﬁ4

aszﬂ-&-ﬁzx—ﬂzx, as=ﬁ+ﬂ4—ﬁ4

T T = = =
5 a9=g+452+653+455, 049=5+452+6/53+,35

1 1~ ~ 5 - 1 ~ 1 ~ 5~
= — 4+ 28— =B -2 2 = — 428 — B2 —2 2
@10 = 7o + 282 352 BB82 + 253, Q1o + 22 3,32 B282 + 253

10
+64 + B5 + 286
1 4 1~
:75+§ﬂ2+ﬁ37753+2,34+2,36+,377
1
= — 4 2By —2824 = S ;
a2 30+3ﬁ2 62+2531+254+56+B8
L= L — =B + B2 — 25
13 20+52 352+,32 B2f2
+63+B4+2ﬁ67
1 _
a14:%+ﬁ2+354—65+3677
1 ~ 3
S= 18,242t
TR L Nl
—B6 + B7 + Bs,
R N ) S Y
5 T3P 5P 4 7 85

1 1~ ~ ~, ~
_ la 13 2 _
a7 = oo + 6,32 652 B2B2 + B3 + Bs — Bs

@11

al16 =

+ B4+ Bs + 266
_ 1 4~ -~ 1 -
au=f5+*52+53*5[33+2,34+256+f37
~ - 1~ 1~ ~ ~

Q1o = — 4+ =By —2B2 + — -
a1z 0+352 B2+ 5Ps + SBa+Be + Bs
= 2+ 2_2 ~
0c13~ 20~+,32~ 3,32-‘:-/32 B2B2
+ B3 + Ba+ 286
_ 1~ -
a14=*0+62+3ﬁ4—65+357

1~ ~, 3~
015 = — + — 32 — 32 24 =
ais 4g-i-?fz B3 + B2 +254
— Be + B7 + Bs

1 1~ 1~ ~ ~

— + B2 — B3+ Pa— Pr+2Bs
610 31 2

JT - s =
@4’652_652_62524'624'68_68

ale =

Table 4.5: Effective order 5 conditions on « and « in terms of § and B )
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Order conditions for main methods

Order conditions for starting methods

1 1 1 1 1 1 ~ 1 1 ~ 1 1
=1 =l,as =82 = —,au =~ + ~a3 — 03,04 = — + B3 — — =61 =0,Bs = = — Ba=—a3 — =
ayp =ai Qg =03 =_,04 = o+ Ca3— 03,04 6+2013 293 B1=p1 B2 593 6,32 29— ¢
P N L S PO 5B 0. L Lo o]
=01 =lay =02 = ;,04 = o+ j03— 03,04 = o+ 003 — S03 1=P1=0p=g05— . fa= a3,
L G+ Zas+ sa@s — 206 + 0 ge= L Lo 4l
— —az+ -as+ -as —2as + a7 =0, = — Zaz+ -as,
1 8 g5+ a5 6 +ar 8= 15 58T 505
1 +2~ +1 %86 + & 0 B« 1 1_ +1~
— —a3+ —as5 + —as — 24 + ar = =— — Zasz+ -as,
1 8+ 505+ gas 6+ ar 3= 15~ 508 505
G = — + = (o — &) + = (a5 — &) + (d6 — as) 5 Yoo+ Tag - Lag +
ag=—+ —(az — & —(as — @ ag — =—— —-az+ -as3— —as + as,
8=, tgles—as)+ (a5 —as 6 — Q6 4 91 T 2% T 98 gostas
— 4 (@3- a3) + 3 (@ — a5) + (a6 — d0) Ba= o —as+t Las+a
ag = o+ (Gs —as 31a5 as 0{6 ag : 4= o) - Gt s 3a15 0416 :
=a1 =1, =82 = —,a3 = a3 = —, =d4 == =B1=Bo=PF2=0,03 = — — — -
a; =ay =Gz =,03 =03 =75, Q4=04= ¢ B1=pB1=PB2= B2 B3 3 2a3+3a5
LN S PO _o L2 o &0 Gl _lilg
12 3% T g TEre T AT =Ny Ty T g A mar = 3T T Mg
2 (@ — as) + (a6 — 36,88 = o= + = (a5 — &) + (d6 — ac)
oag = — —(t5 — ag — Qo , g — — — a5 — Q5 o —
8=t g@—os 16 6),08 = o0+ 2(os 5 6 — Q6
ar =a1 =1, 042:&2:5, B1=p1=P2=P2=0,
1 1 - 1 1, 1 1 1 ~ 1_ .
04476+§(043_043)706476"!‘5(063—063) 53*E—§a3+§a57557§_5a5+§0¢5
' & +2 + —as — 2a6 + 0 B 1+ s ! +
- —a3+ -« —as — 206 + a7 =0, =——+-a3— -a3 — —as + ag,
1 8 g5+ 205 6 +ar 4 o T 708~ 73— g5 +as
! + 242 2a6 + ar = 0 B LI Yas - lasta
- —a3z3+-a —as — 246 + a7 = =——+-az3—-az3— —as +a
1 8+ 505+ gas 6 + ar 4 oz T 798~ 708~ 305 +ae
~ 4+ (@5 — as) — (a5 — &) + (a6 — o) fs = —— 4 1 +
ag=—+ —(ag —a3) — = (a5 — & o — Q6), =——+-a3— -« —ay,
8=, t5(@s—as)— (a5 —as 6 — 6 5 120 T 798~ 50 T a0
~ 1 1( &s) 1(~ )+ (@ ) B 1 +1~ lA,_"_l~
Gg = — + —(ag —az) — — (@5 — a ag — =—— + -a3— —a5 + -&
8=,y tgles—as)— (@5 —as 6 — Q6 5 120 T 78— 5%+ ;a0
B S P e S P S
Q13 = oo — pa3+ a5 — a9 +a, 6 =gt g0 g0t as0s
_ T 1 , 1. 1 1 1
13 = oo T pa8 + 1987 799 + aio T T g% + 5410
2+l - - " +3 1_ 3 43 g 3+1~ 1 +1 - 1_ l~+1~
aja = — + —a3 — a3 — —azaz +as + —ag—ag — 3 a1, =-+4+—a3— -« —q3G3 — -0 — — Q& —a
14 = o+ 53 — a3 — Jaszag a5 + a9 Gy 10 11 6=t g 08— gas T asGs — 546 — Sho+ Jh10
-~ 2+ - 3 iy +3~ 1 3810 4+ 35 3 11+1 1_ 1_ +1~ +1
Aia=— + -3 — a3 — —agd3z +as + —qg—ag — 3& a = —+4+-a3— —a3 — —azaz + —& —as -
14= o+ 503 —03 — Casls + a5 + G ao 10 11 7= 50 T8 T 508 T g0sast L5t oas
1+ 1 1_ 3 +1 2+1~ 1 +1~ +1 +1 "
ajs = — + —a3 — —ag — —a3w —a3+ a5 — —« —ag+ —ag - | —asg+ —ag +
15 = 5o T 138~ 708 — 803+ J05+ L85 — cos + Jd6 + So6 6 - 91 11 1 ) )
+§a9 +ga9 56210 — 010 + a1+ on2 Br = 0t Za3 — 508~ 5113&3 tgast 1a5- -
- 1 1 1 3 1~2 1. 1 1. 1 . 1~ -
a1 = % + 5013 - 1063 - ZOCZSOC:& + 1013 + 6065 - 6045 + 5066 + 5066 s —ag + 709 + a1
+3a + 1 G1o — Sano+on1 + B L. L s+ La3 + 2 Lo +
-9 + —ag — —@10 — —« @ a =——-a3— -azaz+ -« —ag — —« o
g%+ g9 — S0 — Sono 11 12 8= 350 g8 T g98s T 505+ gao — cawo 12
7+ s+ 02 — S5 — Zasds + a6+ ~ag — ~a B L R I R P
o = - — — — — — — — — = — — — — — — — — —
16 g0 T 38 T3~ 50 — gasGe +as+ a9 — Gy 8= 350 " g8 T 79808 T 55+ S0 — a0 12
+a10 — a10 — a11 + 2012
_ UG PO IS SO
Al =———+-—az +a5 — —as — —asas + a —ag — —ag -
16 g0 T 38 T3~ gas — SGsa6 + 86 + G — T
+a1p — 10 — a11 + 2012
1 1 1_ - 1 ~
CY17:HO"FEO(%—ZOCBQB—ia§+§(a9—a9)"‘
1 -
+5(a10 —a10) + (a2 — a12)
- 1 1_ 1 . 1,
a17:ﬁ"F501%—Za3a3_1a§+§(@9_(19)"‘

+5(510 —a10) + (G12 — a12)
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q p | Order conditions for main methods Order conditions for starting methods

- - 1 — —
5 3 a1=a1=1,042=042=§, B1=p1=pP2=p2=0,
~ 1 _ 1 8 1 +1 B« 1 +1~
a3 =03 =—,4 =04 = — =—— 4+ a5, fB3=——+-a
3 3= 3, 4= 3 TR 5T 3%
1 2 1_ P 0 s 1 1 "
— — a5 — Q& ag —ar =0, =—— — —as + as,
13 3% 3% 6 — ar 4 51 " 3% Tos
1 2 o0& — 0 B 1 1_ ia
St~ —a Ge — G = =—— —Zas+a
T 315 395 6 17 4 324 13 5 + e
Oész2?4-&-%(&3—063)—é(as—as)-i-(occs—aes) /35:%*0—?%-&-%&9,
a8=ﬁ+5(043—513)—5(55—045)4-(&6—046) §5=E—§a5+*59
+ 0 B LA ! +1
—ag —a a3 =0, = — — —ag — —ag + —ao,
109 ~ a0 + o3 6= g9 5%~ g T 50
1_ G104+ 8 B 3 1_ 1_ +1~
—Qg — & a13 = =2 8- A9+ &
180 — @10 +aus 6 =55 " 2% ~ g% 10
L G- 2ag+ ~de+3 3011 + 0 3 Ll la +ia +
S —as— -—ag+ -a a10 — 3a Qg = =——+-as+-as —ag+ —dg —« «
? 5 % 9 ‘11 9 10 11 14 7 610 ? 5 ? 5 — Q9 ‘11 9 —a1o + a1
g—a5—*59-&-*049-&-3&10—3511-‘:-&14:0 57:—&+§a5+*a5—59+1a9—a10+a11
1 +1 1. 1 1. 3 1~+ 3 1 +1 n
— 4+ —as— —0s — —ag — -0 — —Q9 — —Q& =——+-—ag— -« a
10 60 670 M0 T QR T g T R™ 87 T TgTY T oA
3 +1~ 4 0 B 1 +1~ 1_ i
e —Q10 — Q11 — @ als = = 4 Z@¢— -a &
510 10 — Qi1 12 + ais s 150 T g% — 510 + a1
1 +1~ 1_ 1
— 4+ —d5 — —as — —Qg — —Qg — —0lg — —«
1060 60 2707 %0 T g TR
—0—5&10 +-ajp—a1r —a1z +ais =0
L2 &5 + a6 + G + ~ (g — o)
— ——as— —ds+as+as+ — (g —ag) -
60 3% 3% tast+dst (a0 —ao
+(G10 — a10) — @11 + 2012 — @16 =0
1 2 _ 1 L+ +1(~ )
— ——as— —as+asg+as+ —(Gg —ag) -
60 3 5 3 5 6 6 4 9 9
+(a10 —a10) —a11 + 2612 — a1 =0
1 1 1
a7 = @ + g(ag —ag) — %(0110 —aio) + (@12 — a12)
oy = 120 + g(asa — ag) I 5(510 - a10)1+ (a2 — a12)1
5 4 011:011—1,042:&2:5, a3=a3=§,a4=&4=67 br=P1=P2=pP2=0,8=B3=PB1=PB+=0
~ 1 - 1 - 1 - 1 3 1 +1 B« 1 +1~
as=a5=—, g =Qg = —,a7 = Q7 = —, Qg = Qg = — = —— —ag, = —— —x
5 5= a6 6= 5a7 7= 15 08 8= o 5 50 T 799 55 5 T 1%
L + 0, 2ao — &0+ @13 =0 B Lol B Lo la 1l
Sag — a3 =0,-ag — & 13 = =—— — —ag + —auo, - — &g+ &
419310 113 189 — a0 +aus 6 410 %;9210 6 40189210
?O+Za9—1049—35?10+3al1—0<14:0, 57:—&+Za9—a1o+a11ﬁ7:—@4-159—5104-&11
1 +3 1. 3 133 - 0 3 1 +1 1 " B 1 +1~ 1_ i
— 4+ —ag — —dg — 3« q11 — Q14 = =——+-—ag— -« a12, 88 =—— + —ag — -« a
210 %9 leg 310 111 14 s T30 T g ~ 510 T 012, Bs 120 T g% — 510 + a1
E+§a9_§a9_§“10_5&1‘)*0‘11*0‘12_“15:0
1 +3~ 1 3. 1 P - 0
— 4+ Qg — —ag — —Q10 — —« o Q12 — Q15 =
410 51; o = g9 = 5810 — ja10 + a1 + 12 — A1
— + —(ag — @g) — 10 + @10 — a11 + 2a12 — a1 =0
610 le( 9 — Qg) 10 10 11 12 16
%+1(59—09)—5104-&10—a11+2&12—al6:0
1 1 _ 1 - ~
a7 = s + g(ocg —ag) — 5(010 —aio0) + (a12 — a12)
G1r = —— + < (@ — a9) — +(@ )+ (@ )
o = — —(0g — & — —(x — o —
17 = o5 T 5(G —a9) — 5 (G10 — a0 12 — a1z

Table 4.6: Effective order ¢, classical order p conditions on «, «, (3, and E for main and
starting methods.
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In order to obtain practical methods, we solve the equations given in Table 4.5.
The first step is to obtain equations involving «; and &; by determining S; and
Ei as linear combination of a; and «;. The resulting effective order conditions
for the main methods M and M together with starting methods S and S are
provided in Table 4.6 for all trees up to order 5. Table 4.6 provides us conditions
under which the main methods M and M has classical order q and the effective

order p.

4.3.1 Derivation of PRK methods with effective order 3
with 2 stages

By equating compositions fSa, ES provided in Table 4.4 and Baz, EE given in
Table 4.5, we get the following set of equations:

ar =1, (4.5
ay =1, (4.6)
sy = % (4.7)
s — % (4.8)
g = % + 205, (4.9)
a3 = % + 20, (4.10)
044+§2 = é+52, (4.11)
Ay + Ba = é+52. (4.12)

We can eliminate 8 and (3, from equations (4.8) and (4.10) as

3as — 1
62: 36 5
~ 3as — 1
Bo = 36 -
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We used above values of 3, and §, in equations (4.11) and (4.12) to get the fol-

lowing equations in terms of « only:

aq :].,
ay =1,
1
07) 257
-~ 1
=, (4.13)

60(4 + 3&3 - 30(3 :1,
6&4 + 3063 — 3623 =1.

The set of equations (4.13) in terms of their elementary weights are expressed as

under:

> bi=1,

&
|
—_

st
O M
=N =N

(4.14)

The above set of equations (4.14) are expanded in terms of coefficients of the

following Butcher table

0 0 0 ¢ | an 0
cy | a0 Co | Q21 Qoo -
by by b b

81



For 2 stage method, we get the following set of equations in component form:

by + by =1,
51 +g2 =1,
~ 1
bici + bacy =5 (4.15)
g2C2 :1, |
2

6[7227:2202 + 3/5203 — 3[)16? — 3b253 Il,

6bocaty + 3132 + 3bact — 3bac? =1.

Now we have 6 equations in equations set (4.15) with 6 unknowns by, bz,gl,gg, o, Co

after taking ¢y, co as free parameters. we get the following values:

by — —1+ 2¢
2(—C1 +G)’
by — -1+ 2¢;
2(¢1 — ¢y
G 1186 — 65 + 126
4 —18¢; — 6¢y + 12¢1¢C
b= — ’

2(2— 98, — 365 + 60102)
. (=2 +35)(3) — &)
2T (1+20)(2—9¢, — 36, + 60102)

1 ~ ~ ~~
Cy = §<_2 + 901 + 302 - 66102).

The values of a1, as; and ag; can be calculated by using consistency conditions

> a;j = ¢; as under:

a11 = Cq,

Zi21 - E/2 - 6227
_ = (=24 3¢1)(c1 — &)
= C2 — ~ ~ ~ ~ 9
(—1 + 201)(2 — 302 + Cl(—g + 602))

21 = C2,

1 - ~ ~ o~
= 5(_2 +9¢1 + 3¢ — 6¢162).
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~ -~ 2 .
After selecting ¢; = 3 and ¢y = 3’ we get the following two Butcher tables for o

and & method, respectively:

1
olo o - o
3
515 4, 2L 3. (4.16)
9|9 3|15 5
11 19
2 2 10 10

For starting methods  and 5 , we have the following set of equations as given in
Table 4.6:

b =0, (4.17)
By =0, (4.18)
P2 = saz — é, (4.19)
~ 1.1

B = 585 — ¢ (4.20)

The values (o and E}Q can be calculated by computing the values of a3 and az

using coefficients given in tables (4.16):

~2 ~2 ~2
g = E bici = blcl + bgCg,

1,1 4
=5(g+g)
)

18

~ T2 _ 3 2
Qs = E bic; = bacs,

9 /5\?
-1(5)
5
=
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We place these values of a3 and ag in equation (4.19) and (4.20), we will have:

1

~ 1
br=—5 (4.22)

By writing equations (4.17), (4.18), (4.21) and (4.22) in the form of their elemen-
tary weights as:
>

ZBZ-:O,

1 (4.23)

We write the above equations (4.23) in coefficient form for the following Butcher
tables:

0 0 0 0 0 0
Cy| Ay 0 Cy | Ay 0
B, B, B, B,
as,
B1 —|— BQ - 0,
El + EQ - 0,
1 (4.24)
ByChy =
2V2 — 36
1
ByCly =
2V — 36

The starting methods 8 and 6 can be obtained by solving set of equations (4.24).
We can make choice for By and B2 The choice By = Bg will give Cy = 02,
Ay = Agl, B, = 31 and this will lead us to following butcher table used for both
£ and E methods.
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After the calculation of starting method (), main method («), we need a finishing
method which will cancel the effects of starting method. We call this method
as beta inverse method (371) and the composition with Ba is SaB~t, which is

represented in the following Butcher’s table.

0 0 0 0 0 0 0
1 1
- - 0 0 0 0 0
6 6
1 1
0 - = 0 0 0 0
6 6
5 1 1 5
2 - =2 2 0 o0 0
9 6 6 9
1 1 1 1
1 - = - Z 0 0
6 6 2 2
1 1 1 1
14+A - = = = A 0
+A21 6 6 2 3 21
1 1 1 1
- = = = B B
6 6 2 2 ! 2

The 87! method of effective order 3 with 2-stage can be constructed by using
Butcher table. The order conditions for this inverse method in their elementary

weights form are:

4
o =
1

=
S ¢
i )
|
| =W =N =

(4.25)

BiA,;C; = =
Z I+ 6
Now, the expansion of equations set (4.25) in components form for 2 stages will

give us following set of equations:

By + By =0, (4.26)
By + By + By, = % (4.27)

By + By + By( A2, + 2A01) — % (4.98)
;)_(Z(Bl 1 By) + BoAst = 1/36. (4.29)
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The finishing method 7! can be calculated by solving equations (4.26) to (4.29)

and is given in Butcher table as

As, B8 = 8, so we have, 3~! = 81,

4.3.2 Derivation of PRK methods with effective order 4

PRK methods with classical order p = 2 and effective order ¢ = 4 are obtained

by considering the following equations from Table 4.6:

a =1, (4.30)
) =1, (4.31)
as —%, (4.32)
Gy =1 (4.33)
2
Gowa + 383 — 3as =1, (4.34)
634 + 30 — 3a5 =1, (4.35)
—12a7 + 240 — dais — 8as + 12003 =3, (4.36)
12 + 2485 — das — 8a5 + 1205 =3, (4.37)
144 + 14485 — 1440 — 4885 + 48 — 7245 + T2 =6, (4.38)
14435 + 14dag — 144G — 4805 + 4885 — 203 + 7283 =6 (4.39)

In order to simplify these equations, we use D(1) and D(1) simplifying assump-
tions. The D(1) condition is

Zdj = Zgiaij —f—ijgj - ija
j=1 Jj=1 Jj=1

,5=1
= + Qg — Qq,

= 0.
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Similarly, we have

&24—(1/2—041:0,
a2+&2_&1207
&4+a3—042:0,
a4—|—543—62220,
a7+045—0é320,
Oé7+&5—623=0,
ag+ o —ayg =0,

ag + ag — ay = 0.
Now from equation (4.38) and equation (4.35), we have
2406 + 8as — 8as = 3,
and from equation (4.39) and equation (4.34), we have

24&6 + 80[5 — 8&5 =3.

(4.48)

(4.49)

Furthermore, from equation (4.48) and equation (4.34) and from equation (4.49)

and equation (4.35), we get

2406 4+ 8as — 8as — 24ay — 1203 + 1203 = —1,
24&6 + 8065 - 8&5 — 2403624 - 12030[3 + 1203&3 =3 - 403.

Subtracting equation (4.36) from equation (4.37) and equation (4.36) from equa-

tion (4.48), we get

&7+a5—a3:0,

@7+&5—&3:O.
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Finally, using equation (4.43) in equation (4.34) and using equation (4.42) in

equation (4.35), we get

- 2
043—1-04325.

Hence, there are 7 equations in 7 unknowns:

Oélzl,

a; =1,

1

052_57

- 1
042—57

- 2
063—1‘063:5,

240 + 8as — 8as — 24ay — 1203 + 1203 = —1,
24526 + 8065 - 8&5 — 2403&4 — 12030[3 + 1203623 =3 - 403.

Writing equation (4.50) to equation (4.56) in the form of elementary weights, we

have

> bi=1,
ZEZ == 1,
ZE‘C@‘ = %,

24 Z Ci’l;iaijgj + 8b,Ef - 8’51'03

)

—24C3 ZE@Z]EJ — 1263 Z b[éf -+ 12C3 Z?);C,Lz =3 - 403.
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Counsider Butcher tableaux for main methods M and M as follows:

0|0 0 O
cylay 0 0
c3 | az; azp 0
by by b3
Thus, we get

We use consistency conditions ¢;=Y a;; and ¢;=)>_a;; and take ¢y =

and

24by(Catigce — GaacCa) +5203(862 - 12)
—1—5303(803 —12) + 01 & (12 — 8¢1) + byd5(12 — 825) + 4bg = —1,

2452(0351 — 030251) + b{C?(SEl — 12C3)

D133 + byl3 + by + by3 + b2 =

¢ a0 0
Cy |Gz azp 0
1| as asx ass
by by by

by + by + b3 =1,

by + by + by = 1,

bic1 + baca + bscs =

3202 + ’5303 =

WINN| =N =

FbytA (8T, — 12¢3) + b3(8 — 12¢3) + bac3(12¢5 — 8¢3) + 4bscd = 3 — 4.

5 —
T to get the following M and M methods:

1 - -
5= 0,c0 =
ol o 0 0
1] 1
22 0 0
1| 1
121
2 | 110 35
B 67
90 495 198

and
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To find the starting methods S and g, we find the values of as,as, as, as, az,

and ay. For example, the value of a3 is obtained as

:Zbi3=b1%+525§+b35§:

From the Table 4.6, we have:

512231'207
31:Z§i207
=Y BCi=:a

1

_Y B - __5

1.

2% 76
1_ 1
2 6

a3 —

5322310321——50434‘

1
1 1%
103

1.

4

1
=Y BiA;Ci=—

+

1
36’
1
6’

36
1
3
1
3

a5 =

5
(4.64)

(4.65)

(4.66)

(4.67)

1
ml, (4.68)
=T (4.69)
—ag — 3% + o = ﬁ, (4.70)
1. 1
703~ 305 + ag = i (4.71)

Solving these equation, we have the following starting methods S and S

ol o 0 0
2 | 2
=z 0 0
, and

4| 12 8
- =2 -2 o0
5| 5 5

23 5 1

32 48 96

Finally, the finishing methods S—!

0 0 0 0
1 1
= = 0 0
3 3
2 7 5
2 L =2 0
3 3 3
% 5% 5
1152 576 384
and S~! are reflections of S and S methods

and are termed as inverse RK methods which can be calculated as given in [11].
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4.4 Numerical testing

Consider Kepler’s two body problem given as

yllzzla fUl(O):l
Yo =29,  y2(0) =0,
2 = —h 21(0) =0,

=Y 1+e
2T s Z2<O):\/1—e’

where r =1/y} + y2. The exact solution after half revolution is

n(m) = 14e, () =0, z(m) =0, ZQ(W):,/iZ.

In order to verify the order behavior of effective order methods, we proceed as

follows:

1. Apply the starting methods S and S to perturb initial values to (¥1)o0, (12)o,

and (Z1)o, (22)0, respectively.

2. Apply the main methods M and M for n number of iterations to (¥1)o,

(92)o and (z1)0, (22)0, respectively, and obtain the numerical solutions (1),

(¥2)n, and (z1)n, (22)n calculated at x,, = ¢ + nh where h is the step-size.

3. Evaluate exact solutions at x,, to get yi(z,), y2(x,), and 21 (x,), 22(z,) and

perturb them using starting methods S and S to get y1(xy,), Yo(z,) and

El(xn), 52(.%'”)

4. Obtain global error by taking difference between numerical and exact solu-

tions, L.e., || — Fan)||

4.4.1 Order verification and efficiency of Effective order

PRK methods

Effective order 4 behavior is confirmed from Table 4.7. Here we have taken 400

iterations with step-size fm and calculated the global error. We then doubled

the number of iterations and halved the step-size and calculated the global error
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again. We computed the ratio between two consecutive global errors and this

confirms that it is approximately 2P for method of order p [11].

h n Global error Ratio
| 400 | 1.2021829 x 1007
400

15.899
™
— | 800 | 7.5611756 x 10~99
800

15.997
T 1600 | 4.7264462 x 1010
1600

16.0486
™
— | 3200 | 2.9450851 x 10!
3200

Table 4.7: Global errors and their comparison.

In order to check the efficiency and accuracy of the effective order 4 partitioned
Runge-Kutta method (EPRK4), we compare it with the classical order 4 Runge—
Kutta method (RK4). We solve the Kepler’s problem using both methods with
different step-sizes and calculate the number of function evaluations and global
errors. It is evident from the Figure 4.1 that EPRK4 employs fewer number of
function evaluations than RK4. We have constructed EPRK4 with fewer stages as
compared to RK4 and this is the reason for fewer number of function evaluations.
The Figure 4.2 depicts that RK4 has lesser global error than EPRK4. We have

not optimized EPRK4 for least global error and this can be done in future.

<10%

F —&— EPRK-method ]
F —¥— Classic RK4 ]

a o N 0

IN
—

Log of number of function evaluations
w

1 1 1 1

(o] 1 2 3 4 5 6 7 8
Step-size <1073

Figure 4.1: Comparison between step-size and the number of function evaluations.
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1076 E
F —&— EPRK-method
—¥— Classic RK4
107 F 3
w -8 | -
§ 10
>
8
S 10°%¢ 3
= E
S
e
— 10710 ¢ 3
1017 E 3
10,12 1 1 1 1 1
1 2 3 4 5 6 7 8
Step-size <1073

Figure 4.2: Comparison between step-size and global errors.

4.5 Conclusion

We have extended the idea of effective order to PRK methods. A complete
classification of effective order up to 5 is provided. Moreover, effective order 4
methods are constructed with 3 stages which reduces the implementation cost as
compared to classical order 4 method which requires 4 stages. The future work
includes the construction of optimized effective order 5 PRK methods with five
internal stages. We have already derived the conditions up to order 5 as given
in Table 4.5. We believe that the simplifying assumptions B(p), C(n) and D(()
conditions will also be used in line with [6].

The type of differential equations we considered here have particular relevance to
Hamiltonian systems and it is a well known fact that only symplectic methods
can conserve quadratic invariants of the Hamiltonian systems. We have recently

published a paper on symplectic effective order PRK methods [1].
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Chapter 5

PRK methods for Hamiltonian

systems

The PRK methods with symplectic property are only valid for separable systems,
like, Hamiltonian systems. Due to this limited scope of applicable area, these
methods look less interesting than symplectic RK methods but their explicit na-
ture give an advantage over symplectic RK methods [35]. We start our discussion

from symplectic PRk and then we shall move towards new developments.

5.1 Symplectic partitioned Runge-Kutta meth-

ods

The flow of Hamiltonian system is symplectic (4.1) and it is a well known fact
that the discrete flow by symplectic Runge-Kutta methods is symplectic [33]. The
PRK method M and M for separable Hamiltonian system (4.1) is symplectic if
the following condition is satisfied [33].

diag(b)a + a” diag(b) — bb = 0. (5.1)

Moreover, the composition of two symplectic RK methods is symplectic [16, 19].

We give the proof of this symlectic condition by using the quadratic invariants
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of PRK methods as

y" Digly) =< y,9(y) >=0, Wy,
"Dy f(2) =< z, f(z) >=0, Vz,

where D; and D, are symmetric matrices of square dimension. From PRK

method, we know that

< Zi, f(Z;) > =0.

From equation (4.2), we hve
<t S aghf(Z).9(Y) 5= 0,
j=1
(V) 5= 0 ay < £(Z,). (V) > 5.2
j=1
and also, we hve

j=1

< oy f(Z3) >= —hZaij < g(Y)), f(Z) > . (5.3)

And,
< Yn+1yZnt1 > =< Yn + Zbihf<zi>> Zn t Zi)jhg(yj) >,
i=1 j=1

=<Yn, 2n > +thZ < f(ZZ),Zn > +hZZ~)j
=1

=1

< yn, g(Y5) >+ bib; < f(Z:),9(Y;) > . (5.4)

,j=1

95



Equations (5.2), (5.3), and (5.4) are used to get

< Yn+1, Znt+1 > =< Yp, Zn > —h? Z bzdzj < f(Zl),g(Y]) > —h? Z l;jajz-

So, for

we get

As

SO,

i,j=1 i,j=1

< f(Z),9(Y;) > +0> > biby < f(Z)), 9(Y;) >,

4,j=1
s

=< Yy zn > =0 Y (bidtyy + bjaz — bidy) < f(Zi), 9(Y) > .

ij=1

< Ynt1) Znt1 >=< Yn, Zn >,

S

h? Z (bitasy + bjazi — biby) < f(Z:),9(Y;) >=0.

ij=1

< f(Zz)mg(}/J) >7é 07

h2 Z (bzdl] + BjCLji — bZZ;]) = 0,

ij=1

so it becomes symplectic condition for PRK methods as

5.2 Order conditions for symplectic partitioned

Runge-Kutta methods

As we discussed in Chapter 2 that for symplectic RK methods, the trees related
to order conditions can be divided into superfluous and non-superfluous bi-color
trees and unlike RK methods, the superfluous bi-color trees of PRK methods also
contribute one order condition together with one condition from non-superfluous
bi-color tree [33]. In Partitioned Runge-Kutta methods, superfluous bi-colour
trees provide one order condition and non-superfluous bi-colour trees provide two

order conditions. The order conditions of these super and non-superfluous trees

diag(b)a + a” diag(b) — bb = 0.
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can be distinguished by using symplectic condition for PRK method as provided
in equation (5.1). The bi-colour tree eo of order 2 is a superfluous. The

symplectic condition can be rearranged to get a combination of such trees as
SITIES SIS 3% SURT!
irj irj i j
. 1 ~ 1
(D bidai; — 3t (D bjaji— 3) =0,
i.j irj

1 1
d-5+d-5 =0

Only one condition will involve as one is satisfied other will be satisfied automat-
ically.

Similarly, in order 3 we have two non-superfluous trees, e-o-e and o0
we can find out their combinations order condition by multiplying symplectic

condition with ¢; as

Z bidijcj + Z BjCjCLjZ‘ — Z bz Z BjCj == 0,
1,5 i, ] j
Zb a;jCj — Z bj c - =

We shall include one above as one satisfied other. Now if we multiply ¢; to

symplectic condition, we get
Z b,éldw + Z Bjajiéi — Z biCi Z bj = 0,
.3 i,J i J
Zbc il Zl;jajiéi—%):(),

,J
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Therefore, we consider one order condition based on non-superfluous tree and

also inclusion of one condition satisfies other automatically

Now we see the impact of symplectic condition on order 4 trees of PRK method.
We see that there two non-superfluous and one superfluous trees are <:, <2,
and e—o—e—o, respectively. We can easily find out their relation with other

pairs in the following way:.

First, we multiply the symplectic condition by c? and will get

Z bZ&Z]CJQ + Z BjC?C?Gﬂ — Z BjC? = 0,
2¥)
ZbawchLZbccj =0,
(szd”c?—— Zbc - =
1,

So we include one of above for symplectic methods.

Secondly, we multiply ¢7 to symplectic condition and will get

V) ij ( J
~ 1
Zbc — — ijb]aﬂéf—ﬁ)IO,

Lastly, we multiply symplectic condition with a;,c; to discuss the order conditions
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of superfluous trees for symplectic PRK method this comes out:

Z bidijajkék + Z Bjajiajkék — Z bZ Z Bjajkék = O,
- ik

1,5,k 1,7,k ?
B B . - 1
Z biaijajkck + Z bjCjajka — 6 == 0,
.7,k 7,k
5 N 1 ~ N 1
(Z biaijajka — ﬂ) + (Z bjCjCijCk - §> = O,
1,5,k g,k

So after one tree satisfaction, we have no need of other tree. We use only one
condition from above two. As we are using one order condition from pair of
superfluous and non-superfluous trees so, we get less number of order conditions
for symplectic PRK as compared to standard PRK methods. The Table 5.1
below provides the number of order conditions required for standard PRK and

symplectic PRK for order up to 4.

order | PRK methods | symplectic PRK methods
1 2 2
2 4 3
3 8 5
4 16 8

Table 5.1: Number of order conditions for standard and symplectic PRK methods
up to order 4.

5.3 Symplectic PRK methods with effective or-
der 3

The effective order of PRK is constructed and tested in Chapter 4. We im-

pose symplectic condition on the equations governing the effective order of PRK
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method for order three. Because the underlying bi-color tree of the rooted trees
ty and t, is superfluous, we can ignore the conditions (4.8), because it is auto-
matically satisfied. Moreover, the underlying bi-color trees of ts, t4, t3, and t, are
non-superfluous, we can either take az or ay and also ay or az thus reducing the
last two equations of set (4.13) to a3 = £ and a3 = 3. Now consider the following
Butcher table for methods M and M which satisfy the symplectic condition (5.1):

0 0 b, by
b, | by by +by | b by
, I (5.5)
by + by | by by by + by +bs | by by by
bl b2 bg ’51 ,52 53

By using symplectic condition in (5.1) and the equations set (4.13) after sim-

plification can be written in terms of elementary weights as:

3
> bi=1, (5.6)
=1

3
> bi=1, (5.7)
=1

~ ~ o~ 1
b1b1 —+ bg(bl + bg) + b3 - 5, (58)
~ ~ o~ ~ o~ ~ 1
b3by + ba(by + by)? + bs(by + by + b3)? = 3 (5.9)
~ ~ 1
bob? + b3(by + by)? = 3 (5.10)

To get the values of 6 unknowns from 5 equations, we have one degree of freedom.

~ 2
Let us take b; = 3 and solve the equation (4.57-4.61) to get main methods M

and M methods as follows:
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2
0 0 0 = 0 0
3
13 ++/205 0 0 2 5+v205 0
12 3 30
13+v205 5 0 2 5++v205 5—+v205
12 6 3 30 30
13+v205 5 —11—+v205 2 5++v205 5—+v205
12 6 12 3 30 30
5.3.1 Derivation of starting method
For the starting method, we have the following equations:
b1 =0, (5.11)
By =0, (5.12)
1 1
/82 25&3 — 6, (513)
~ 1 1
/82 :§a3 - 6 (514)

The starting methods should be symplectic [17]. The solution of (4.64-5.14) leads
us to the following symplectic staring PRK methods S and S as:

0 O 0
L 0 0
3

1 2 0
3 5

1 2 11
3 5 15

1

= 0 0
3

1 11 0
3 18

1 11 5
3 18 18
1 11 5
3 18 18
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5.4 Mutually adjoint symplectic effective order
PRK methods

A separable Hamiltonian system remains unchanged by changing the role of ki-
netic and potential energies, position and momentum and also inverting the di-
rection of time. For the two PRK method tableaux (5.5) being mutually adjoint,
we have bl = 63, b2 = 32 and b3 = 51 in equations (4.57-4.61) so that we have

3 ~
> bhi=1, (5.15)
=1

3 ~
> bhi=1, (5.16)
=1

5351 +52<51 —|—’I;2) +51 - 5 (517)

Wl LN =

Dbob? + bs(bs + by)? = (5.18)

Sanz-Serna suggested in [33] to take 53 = 0.91966152, which leads us to the fol-

lowing main methods M and M with effective order 3 and with just 3 stages:

0 0 0 0.26833010 0 0
0.91966152 0 0 0.26833010  —0.18799162 0
0.91966152  —0.18799162 0 7 0.26833010  —0.18799162  0.91966152 .
0.91966152  —0.18799162  0.26833010 0.26833010  —0.18799162  0.91966152

The starting methods S and S for mutually adjoint symplectic effective order
PRK method are constructed by using By = Eg, By = Eg, Bs = El in equations
(4.64) to (4.65) to get

By + By + By =0, (5.19)
Elég -+ Eg(gl + Eg) + El(él -+ EQ + ég) ~ 0. (520)

-~
By solving equations (5.19) and (5.20) with Bs = 3 we get the following S and
S methods:
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1
0 O 0 -~ 0 0
4
1 0 0 1 1 0
2 and 4 4 .
1 1 0 1 1 1
2 4 4 4 2
1 1 1 1 1 1
2 4 4 4 4 2

5.5 Numerical testing

The order of both symplectic and mutually adjoint symplectic effective PRK
methods or order 3 is verified after applying these methods on Kepler’s two body

problem discussed in Chapter 4.

5.5.1 Order verification of symplectic effective order PRK

methods

The effective order 3 behavior for symplectic and mutually adjoint symplectic

PRK methods is confirmed from Table 4.7 and 5.3.

h n Global error Ratio
T | 225 | 7.7741637102284 x 1004
225
8.927465
s
— 450 | 8.7081425338124 x 10~95
450
8.475956
| 900 | 1.02739357736254 x 10-95
900
8.063877
s
—— | 1800 | 1.27406905909534 x 1096
1800

Table 5.2: Global errors and their comparison: Symplectic effective order PRK

methods.
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Global error

Ratio

h n
| a0
40
T | 80
80
iy
| 160
160
| 320
320

4.635890382086 x 1003

5.82169473987045 x 1004

7.22091971134495 x 1095

9.21437776243649 x 1006

7.963129

8.062262

7.836579

Table 5.3: Global errors and their comparison: Mutually adjoint symplectic ef-

fective order PRK methods.

5.5.2 Energy conservation behaviour

Here, we applied both symplectic and mutually adjoint symplectic methods on

kepler’s two body problem and on Harmonic oscilator problem to verify the energy

conservation behaviour of both methods.

<10718

-16

(o} 1000 2000

3000 4000

5000 6000 7000

Figure 5.1: The error in energy of the Kepler’s problem (e = 0) with symplectic
effective PRK using step size h = 27/1000 for 10° steps.
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Kepler’s problem

In this experiment, we used step-size h = 27/1000 for 10° iterations. We obtained
good energy conservation as shown in Figure 5.1 and Figure 5.2 using symplectic
and mutually adjoint symplectic effective order PRK methods, respectively. It
hs been observed that the error in the energy was bounded above by 10712 and
10~, respectively.

-14
2 ><10 T T T T T T

[0} 100 200 300 400 500 600 700

Figure 5.2: The error in energy of the Kepler’s problem (e = 0) with mutually
adjoint symplectic effective PRK using step-size h = 27/1000 for 10° steps.

Harmonic Oscillator

The motion of a unit mass attached to a spring with momentum u and position

co-ordinates v defines the Hamiltonian system

The energy is given by

The exact solution is

u(t) cos(t) -sin(t)| [u(0)

v(t) sin(t) cos(t) | [v(0)
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We have applied symplectic PRK and mutually adjoint symplectic PRK methods
with step-size h = 27/1000 and 10° iteration in this experiment . We received
good energy conservation as shown in Figure 5.3 and Figure 5.4 by symplectic ef-
fective order PRK and mutually adjoint symplectic effective order PRK methods,

respectively.

-7
15 <10

Energy error
o
L

-1

o] 100 200 300 400 500 600 700
Time

Figure 5.3: The error in energy of the Harmonic oscillator problem (e = 0) with
symplectic effective PRK using step size h = 2w/1000 for 10° steps.

=<107°

(o] 100 200 300 400 500 600 700

Figure 5.4: The error in energy of the Harmonic oscillator problem (e = 0) with
mutually adjoint symplectic effective PRK using step size h = 27/1000 for 10°
steps.

106



5.6 Conclusions and future work

The type of differential equations we considered in this chapter have particular
relevance to Hamiltonian systems and it is a well known fact that only symplectic
methods can conserve quadratic invariant of the Hamiltonian systems. Keeping
in view of this fact, we applied effective order techniques to symplectic and mutu-
allay adjoint symplectic PRK methods. We constructed 3 stage effective order 3
symplectic PRK methods and successfully applied to separable Hamiltonian sys-
tems with good energy conservation. It is worth mentioning that we are able to
construct mutually adjoint symplectic effective order 3 PRK methods with just
3 stages, whereas an equivalent method of order 3 with 4 stages is given in [17].
For future work direction, we can go for construction of effective order symplectic
and mutually adjoint methods for order 4 with 3 stages. Also, this work can be

extended to non-separable systems of differential equations.
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